
Kodaira's Embedding Theorem

1. What is Kodaira's embedding theorem? 
2. Preliminaries from complex geometry: 
    i. Connection on vector bundles. 
   ii. Hermitian vector bundle and Chern connection.
  iii. Kahler manifolds.
  iv. Blow-up of a complex manifold.
  v. Positivity of a line bundle. 
3. Proof of Kodaira's embedding theorem. 

Introduction: 
A complex manifold is said to be projective if it is a closed 
submanifold of some complex projective space 

Since any projective space is compact, any projective manifold
is automatically compact. In general, geomety of a projective 
manifold is much easier to handle than arbitrary manifolds.

A complex projective space admits a natural Hermitian metric, 
called the Fubini-Study metric (to be defined later), which 
has a nice property: namely, it is a Kähler metric. 
This makes a complex projective space a Kähler manifold. 

Q. Are complex projective manifolds Kähler? 

Given a complex submanifold Y of a Kähler manifold X, 
restricting its Kähler metric we get a Kähler metric on Y. 
This makes Y a Kahler manifold (To be discussed later).
In particular, any complex projective manifold is Kähler. 



This was answerd by Kodaira in his famous embedding theorem. 

Kodaira's Embedding Theorem: 

A compact Kähler manifold X is projective if and only if 
X admits a positive line bundle. 

Before going into the proof of this theorem, we need to 
understand Kähler manifolds, positive line bundles etc. 
So let's review some technologies from complex geometry. 

However, there are examples of Kähler manifolds which 
are not projective. 

Q. Is being a Kähler manifold a topological property? 

For a compact complex surface, it is. But not in general. 

Fact: A compact complex surface is Kähler if and only if 
its first betti number b (X) is even. 

However, this is not the case from dimension 3 onwards. 

Hironaka constructed a family of examples of a compact 
complex non-Kähler manifolds of dimension 3 which are 
diffeomorphic to complex projective manifolds. 

However, one can ask for criterion for a compact Kähler 
manifold to be a complex projective manifold.  




























