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Notes on derived category
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ABSTRACT. In this note, we discuss basic theory of derived category following [Huy06].

After discussing some basic theories, we are interested to explore some of its appli-
cations in algebraic geometry.
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Disclaimer: I have started writing this note (around June 2020) for myself to learn
basic theories of derived category, triangulated category, Bridgeland stability con-
ditions, their connections with mathematical physics, and more importantly their
applications in various areas of algebraic geometry.

The present note is unorganized, incomplete, and may contains many inaccuracies
to be fixed. Almost everything discussed/written in this note are essentially copied
from [Huy06] with an aim to discuss them in a learning seminar within a small group
of interested people. Any suggestions to improve the exposition are welcome.

Update (July 25, 2020): Since the present note become quite long, I have decided to keep its
main focus on basic theories of derived category only. I have a plan to write a separate note
focusing on Bridgeland stability when we go into that topic in our discussion seminar.

Current version: https:/ /arjunpaul29.github.io/home/notes/derived.pdf.
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0. INTRODUCTION

One of my preliminary motivation to start this series of discussions is to under-
stand stability condition in triangulated category as introduced by Tom Bridgeland
in his celebrated 2007 paper published in the Annals of Mathematics [Bri07]. I also
would like to learn some of its application in some other areas, like birational geom-
etry, mirror symmetry etc.

Bridgeland’s original motivation was to mathematically formulate the concept of
II-stability in theoretical physics as formulated by Douglas. In physics, II-stability
is something to relate a super-symmetric non-linear sigma model with a (2, 2) Super
Conformal Field Theory (SCFT). Let’s have a quick tour into an interesting intersection
of geometry and physics.

0.1. Motivation from modern physics. I am not an expert in mathematical physics,
but am interested to understand its relation with mathematics, in particular with
algebraic geometry. After exploring various available sources, what I initially found
and become interested in, are summarized below.

Let us start with a tailor of a largely speculating theory, known as mirror symmetry.
A super-symmetric non-linear sigma model consists of a complex Calabi-Yau variety
X = (M, I) admitting a Ricci flat Kdhler form w and a “B-field”. Let us explain the
terminologies:

e M is the underlined real manifold of X and I is a complex structure on it,

e the variety X is Calabi-Yau means that the canonical line bundle K is trivial,

o the Kéahler form w is Ricci flat means that the curvature Fy.v,) = 0, where
det(V,,) is the connection on det(7'X) induced by the Chern connection V|,
on T'X with respect to the Kéhler form w, and

e that “B-field” is something mysterious.

In the context of SYZ mirror symmetry (an attempt to understand mathe-

matically original version of mirror symmetry in physics), a B-field should
be a class of a unitary flat gerbe, as suggested by Hitchin.

It is expected from physical ground that such a super-symmetric non-linear sigma
model should give us a (2, 2) Super Conformal Field Theory (SCFT). However, we don’t
know any precise mathematical formulation of (2, 2) SCFT, except for few cases!
Roughly, a (2, 2) SCFT is some physical theory that depends on both complex and
symplectic structures of varieties, and using topological twists one may separate its
parts:

o A-side: depend only on symplectic structure, and
e B-side: depend only on complex structure.
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In his famous ICM talk in 1994, Maxim Kontsevich proposed that the mathemati-
cal objects obtained from these topological twists should be in the derived category
of coherent sheaves on the B-side (algebraic side), and in the derived Fukaya cate-
gory of Lagrangian submanifolds on the A-side (symplectic side). Physically, objects
of these categories are considered to be boundary conditions, known as branes. In
this sense, Fukaya category is the category of A-branes and the derived category of
coherent sheaves is the category of B-branes.

Conjecture 0.1.1 (Kontsevich). If two super-symmetric non-linear sigma models (X, w, B)
and (X', w', B'), as described above, defines mirror symmetric SCFT5, then there are equiva-
lences of categories:

DP(X) ~ D'(Fukaya(X’,w')) and D"(Fukaya(X,w))~ D"(X’).

This is mathematically quite vague because we don’t have precise mathematical for-
mulation of SCFT!

From mathematical point of view, Kontsevich’s Conjecture may be considered as
a definition of homological mirror symmetry. Two super symmetric non-linear sigma
models (X,w, B) and (X’,w’, B’) are said to be homological mirror partner to each other
if there are equivalences of such derived categories.

Remark 0.1.2. I think, finding explicit examples of such homological mirror sym-
metric pairs of super-symmetric non-linear sigma models would be very difficult
problem. There is a notion of mirror symmetric varieties in SYZ sense, which identi-
fies X and X’ as dual to each other in an appropriate sense; see e.g., works of Hitchin,
Hausel-Thaddues, Donagi-Pantev etc. This notion is different from the notion of ho-
mological mirror symmetry.

We shall see from construction of D?(X) that the derived category D°(X) depends
only on complex/algebraic structure of X, and so D°(X) keeps only half information
of the SCFT. Douglas argued that for any Ricci flat Kdhler metric w on X, there is a
subcategory of D’(X), whose objects are physical branes, and these subcategories
changes as the Kéhler class w moves in the stringy Kidhler moduli.

To get an intuitive idea what this mathematically means, instead of looking at
whole D’(X), consider the abelian category €oh(X). Then a choice of Kéhler class
(or polarization) singles out semistable and stable objects of €ol(X), and as we
change the polarization, the collection of stable/semistable objects changes. Thus,
there might be some way to encode more information of SCFT purely in terms of
triangulated category D’(X) together with some extra structure on it. In a series of
papers, Bridgeland set out to put these ideas on a mathematical setting and intro-
duced the notion of stability conditions on a triangulated category. He has shown that
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the space of such stability conditions forms an (infinite) dimensional manifold, and
this can be thought of an approximation of the stringy Kéhler moduli space.

Mathematically, interesting point is that this new theory associates to a very alge-
braic object, like a triangulated category, a moduli space with meaningful geometric
structure.

Roughly, a stability condition on a triangulated category A is given by a heart H of
a bounded t-structure on .4 and an additive group homomorphism Z : Ky(H) — C,
called the “central charge”, satisfying Harder-Narasimhan property.

Well, enough introduction, and we shall see these later in detail! However, in
this note, we first set up some languages from category theory, and then discuss
basic theory of derived category with special emphasis on the derived category of
bounded complexes of coherent sheaves on smooth projective varieties, and related
geometries. The theory of Bridgeland stability conditions, mirror symmetry etc will
come as a separate note, where we shall use the theory of derived category discussed
here.
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1. SOME CATEGORY THEORY

Joke: Category theory is like Ramayana and Mahabharata — there are lots of arrows!

— Nitin Nitsure

1.1. Abelian category.

Definition 1.1.1. A category </ consists of the following data:

(i) a class of objects, denoted Ob(.%),
(ii) for X, Y € Ob(«/), a class of morphisms from X into Y, denoted Mor,,(X,Y),
(iii) for each X,Y,Z € Ob(</), a composition map

Mor,(X,Y) x Mor, (Y, Z) = Mor,(X, Z), (f,g)—gof,

which satisfies associative property: ho(gof) = (hog)of, forall f € Mor4(X,Y),
g € Mory(Y,Z) and h € Mor4(Z, W), forall X, Y, Z, W € Ob().

A category .« is said to be locally small if Mor,,(X,Y) isa set, forall X, Y € Ob().
A category <7 is said to be small if it is locally small and the class of objects Ob(.%7) is
a set.

Example 1.1.2. The category (Set), whose objects are sets and morphisms are given
by set maps, is a locally small, but not small. However, the category (FinSet), whose
objects are finite sets and morphisms are given by set maps, is a small category.

Two objects Ay, Ay € o7 are said to be isomorphic if there are morphisms (arrows)
f:A > Ayand g: Ay — Ay in o/ suchthatgo f =1d,, and fo g =1d,,.

Let o/ and % be two categories. A functor F : &/ — % is given by the following
data:

(i) for each X € o there is an object F(X) € 4,
(ii) for X, Y € &7 and f € Homy(X,Y), there is F(f) € Morg(F(X), F(Y)), which
are compatible with the composition maps.

A functor F : &/ — 2 is said to be faithful (resp., full) if for any two objects
Ay, Ay € &/, the induced map

F 1\/IOI'M/(A417 Ag) — MOf@(F(Al), F(AQ))

is injective (resp., surjective). We say that F is fully faithful if it is both full and faithful.

Let F,G : &/ — % be two functors. A morphism of functors ¢ : F — G is given
by the following data: for each object A € &/, a map ¢4 : F(A) — G(A) which
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is functorial; that means, for any arrow f : A — A’ in </, the following diagram
commutes.

Fa) —2 . Fa

(1.1.3) “j lw/
G(f)

G(A) G(A)

Definition 1.1.4. A morphism f € Mor, (A, B) is said to be a monomorphism if for
any object T’ € o/ and two morphisms g, h € Hom,,/ (7', A) with fog = foh, we have
g = h.

A morphism f € Mor,, (A, B) is said to be a epimorphism if for any object I" € &/
and two morphisms g, h € Mor,(B,T) with go f = ho f, we have g = h.

Given any two categories </ and %4, we can define a category Fun(</, %), whose
objects are functors F : &/ — %, and for any two such objects F,G € Fun(</, AB),
there is a morphism set Mor(F, G) consisting of all morphisms of functors ¢4 : F —
G, as defined above.

Proposition 1.1.5. Let o/ and 98 be two small categories. Two objects F,G € Fun (<, B)
are isomorphic if there exists a morphism of functors ¢ : F — G such that for any object
A € o, the induced morphism ¢4 : F(A) — G(A) is an isomorphism in 2.

Definition 1.1.6. A category .27 is said to be pre-additive if for any two objects X,Y €
</, the set Mor,, (X, Y') has a structure of an abelian group such that the composition
map

Mor,(X,Y) x Mory, (Y, Z) — Mor, (X, Z),
written as (f, g) — g o f, is Z-bilinear, for all X,Y, 7 € /.
Notation. For any pre-additive category </, we denote by Hom,, (X, Y) the abelian
group Mor,(X,Y), forall X,Y € Ob(%).

Let 7 and % be pre-additive categories. A functor F : &/ — % is said to be

additive if for all objects X,Y € .7, the induced map

Fxy : Homy,(X,Y) — Homg(F(X), F(Y))

is a group homomorphism.

Definition 1.1.7 (Additive category). A category .7 is said to be additive if for any
two objects A, B € <7, the set Hom,, (A, B) has a structure of an abelian group such
that the following conditions holds.

(i) The composition map Hom,, (A, B) x Hom,(B,C) — Hom, (A, C), written
as (f,g) — go f,is Z-bilinear, forall A, B,C € &
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(ii) There is a zero object 0 in <7, i.e., Hom,, (0, 0) is the trivial group with one ele-
ment.

(iii) For any two objects A;, Ay € <7, there is an object B € &/ together with mor-
phismsj; : A; = Band p; : B — A;, for i = 1,2, which makes B the direct sum
and the direct product of A; and A, in <7

Definition 1.1.8. Let £ be a field. A k-linear category is an additive category ./ such
that for any A, B € .«7, the abelian groups Hom,, (A, B) are k-vector spaces such that
the composition morphisms

Hom, (A, B) x Hom,(B,C) — Hom,(A,C), (f,g)—go f
are k-bilinear, for all A, B,C € .

Remark 1.1.9. Additive functors F : &/ — % between two k-linear additive cate-
gories o/ and % over the same base field k are assumed to be k-linear, i.e., for any
two objects A, Ay € o/, the map Fa, 4, : Hom, (A1, Ay) — Homg(F(A;), F(As))
is k-linear.

Let &/ be an additive category. Then there is a unique object 0 € .27, called the zero
object such that for any object A € &7, there are unique morphisms 0 -+ Aand A — 0
in /. For any two objects A, B € 7, the zero morphism 0 € Hom,, (A, B) is defined
to be the composite morphism

A—0—B.

In particular, taking A = 0, we see that, the set Hom,, (0, B) is the trivial group
consisting of one element, which is, in fact, the zero morphism of 0 into B in .&7.

Definition 1.1.10. Let f : A — B be a morphism in /. Then kernel of f is a pair
(¢, Ker(f)), where Ker(f) € &/ and « € Hom, (Ker(f), A) such that

(i) fov=0in Hom, (Ker(f), B), and
(ii) given any object C' € & and a morphism g : C — A with fog = 0, there is a
unique morphism g : C' — Ker(f) such that.og = g.

_C
Ker(f) - A ! B

The cokernel of f € Hom,, (A, B) is defined by reversing the arrows of the above
diagram.

Definition 1.1.11. The cokernel of f : A — B is a pair (m, Coker(f)), where Coker(f)
is an object of &7 together with a morphism 7 : B — Coker(f) in & such that
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(i) 7o f =0in Hom, (A, Coker(f)), and
(ii) given any object C' € & and a morphism g : B — C withgo f = 01in
Hom,, (A, C), there is a unique morphism g : Coker(f) — C such that gon = g.

A B Coker(f)
S
0 _ - El'g
CA

Definition 1.1.12. The coimage of f € Hom,, (A, B), denoted by Coim(f), is the cok-
ernel of ¢ : Ker(f) — A of f, and the image of f, denoted Im(f), is the kernel of the
cokernel 7 : B — Coker(f) of f.

Lemma 1.1.13. Let € be a preadditive category, and f : X — Y a morphism in €.

(i) If a kernel of f exists, then it is a monomorphism.

(ii) If a cokernel of f exists, then it is an epimorphism.
(iii) If a kernel and coimage of f exist, then the coimage is an epimorphism.
(iv) If a cokernel and image of f exist, then the image is a monomorphism.

Proof. Assume that a kernel ¢ : Ker(f) — X of f exists. Let o, 8 € Hom¢ (Z, Ker(f))
be such that coa = 1o 3. Since fo(toa) = fo(10f3) = 0, by definition of Ker(f) —— X
there is a unique morphism ¢ € Hom(Z, Ker(f)) such that toa = tog = 10 f.
Therefore, o« = g = .

The proof of (i¢) is dual.

(¢7i) follows from (i), since the coimage is a cokernel. Similarly, (iv) follows from
(7). O

Exercise 1.1.14. Let &/ be an additive category. Let f € Hom,(X,Y') be such that
Ker(f) % X exists in <. Then the kernel of ¢ : Ker(f) — X is the unique morphism
0 — Ker(f) in «7.

Lemma 1.1.15. Let f : X — Y be a morphism in a preadditive category ¢ such that
the kernel, cokernel, image and coimage all exist in €. Then f uniquely factors as X —
Coim(f) = Im(f) - Y in@.

Proof. Since Ker(f) — X — Y is zero, there is a canonical morphism Coim(f) —
Y such that the composite morphism X — Coim(f) — Y is f. The composition
Coim(f) — Y — Coker(f) is zero, because it is the unique morphism which gives
rise to the morphism X — Y — Coker(f), which is zero. Hence Coim(f) — Y
factors uniquely through Im(f) = Ker(ns) (see Lemma 1.1.13 (4i7)). This completes
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the proof.

Ker(f) —— X ! Y — Coker(f)

(1.1.16) \ /

Coim(f) —— Im(f)
O

Definition 1.1.17. An abelian category </ is an additive category such that for any
morphism f : A — Bin .7, its kernel ¢ : Ker(f) — A and cokernel p : B — Coker(f)
exists in &/, and the natural morphism Coim(f) — Im(f) is an isomorphism in .o/
(c.f. Definition 1.1.12).

Example 1.1.18. (1) For any commutative ring A with identity, the category Mod 4
of A-modules is an abelian category.
(2) Let X be a scheme. Let Mod(X) be the category of sheaves of O x-modules on
X. Then Mod(X) is abelian. The full subcategory Q¢€oh(X) (reps., Coh(X)) of
Mod(X) consisting of quasi-coherent (resp., coherent) sheaves of Ox-modules
on X, are also abelian. However, the full subcategory Vect(X) of 9Mtod(X') con-
sisting of locally free coherent sheaves of Ox-modules on X, is not abelian,
because kernel of a morphism in Vect(X') may not be in Vect(X).

1.2. Triangulated category. Let </ be an additive category. A shift functor is an ad-
ditive functor

(1.2.1) T:o — o,
which is an equivalence of categories. A triangle in (<7, T) is given by a diagram
(1.2.2) A— B— C — A[l] .=T(A),

with objects and arrows in 7. A morphism of triangles in (<7, T') is given by a com-
mutative diagram

A B C All]
(1.2.3) \f lg Lh lf[ll
A B’ C’ A'[1]

where f[1] := T(f) € Hom,(A[l], A'[1]). If, in addition, f, g, h are isomorphisms
in o/, we say that (1.2.3) is an isomorphism of triangles. We denote by A[n| the
object T"(A) € <7, and denote by f[n] the morphism 7"(f) € Hom,, (A[n], B[n]), for
f € Homy (A, B).
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Definition 1.2.4. A triangulated category is an additive category </ together with an
additive equivalence (shift functor)

(1.2.5) T:o — o,

and a set of distinguished triangles

(1.2.6) A— B— C — A[l] .=T(A),
satisfying the following axioms (TR1) — (TR4) below.

(TR1) (i) Any triangle of the form

AN A 50— A

is a distinguished triangle.
(ii) Any triangle isomorphic to a distinguished triangle is distinguished.
(iii) Any morphism f : A — B can be completed to a distinguished triangle

AL B— 0 — Al
(TR2) A triangle
AL B4 0 Al
is distinguished if and only if
B-% o oan U gy

is a distinguished triangle.
(TR3) Any commutative diagram of distinguished triangles with vertical arrows f

and g
A B C All]
(127) I U
A B c A1)

can be completed to a commutative diagram (not necessarily in a unique way).
(TR4) (Octahedral axiom) Given any three distinguished triangles
A5 B — O — A[l]
B — C— A — B[1]

A2 C— B — A[l]
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there is a distinguished triangle C’ B Al C'[1] such that
the following diagram is commutative.
A—> B o A[l]
1d v 1d
A—>C B A[l]
u 1d ull]
B —— C A B[1]
1d
' B’ Al C'1]

This axiom is called “octahedron axiom” because of its original formulation:
given composable morphisms A — B — C, with w := v o u, we have the
following octahedron diagram.

C

|
Ae—— DB

4

i
W

Iy
\

where any triangle of the form 7 \ are distinguished trian-
v

X —Y
gles, and the arrow Z — - — X stands for Z — X[1].

Remark 1.2.8. A triangulated category need not be abelian, in general. In triangu-
lated category, distinguished triangles play the roles of exact sequences in abelian
categories. Examples of triangulated categories, we will be interested in, are derived
categories of abelian categories.

Definition 1.2.9. Let A and B be two triangulated categories. An exact functor of tri-
angulated categories A to B is a functor F' : A — B such that for any distinguished
triangle A SNy ; AN A[l] in A, there is an isomorphism F'(A[1]) N F(A)[1]
such that

F(f) F(9) ¢oF (h)
F(C) —=F(A)[1]
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is a distinguished triangle in B. By a morphism of triangulated categories, we always
mean an exact functor between them.

Definition 1.2.10 (Adjoint functors). Let F' : A — B be a functor between any two
categories. A functor G : B — A is said to be right adjoint to F', written as F' 4 G, if
there is an isomorphism

(1.2.11) Homp(F(A), B) 2 Homu(A,G(B)), YA€ A, Be B,
which is functorial in both A and B.
Similarly, a functor H : B — A is said to be left adjoint to F', written as H - F, if
there is an isomorphism
Homg(B, F(A)) = Homy(H(B),A), VA€ A, B e B,
which is functorial in both A and B.

Remark 1.2.12. (1) Note that, G is right adjoint to F' if and only if F is left adjoint
to G.
(2) If F 4G, thenIdpa) € Homg(F'(A), F(A)) = Homu(A, (Go F)(A)) induces a
morphism A — (G o F')(A), for all A € A. The naturality of this morphism
gives us a morphism of functors

IdA — GoF.
Similarly, taking A = G(B) in (1.2.11), we get a morphism of functors
FoG— IdB .

In particular, if ' and G are quasi-inverse to each other (in case of equivalence
of categories), then one is both left and right adjoint to the other one.

(3) Using Yoneda lemma, one can check that, left (resp., right) adjoint of a functor,
if it exists, is unique up to isomorphisms.

Proposition 1.2.13. Let F' : D — D’ be an exact functor of triangulated categories. Let
G : D' — D bea functor. If F 4G, or G 4 F, then G is also exact.

1.3. Semi-orthogonal decomposition. Let D be a k-linear triangulated category. An
object £ € D is said to be exceptional if

k if (=0,
(1.3.1) Homp(FE, E[(]) = { 0 if (40
An exceptional sequence in D is a sequence of exceptional objects Ey, Es, ..., E, of D

such that Homp(E;, E;[¢]) = 0, for all i > j and all ¢. In other words, if

k if i=jand/{ =0,

(1.3.2) Homy(E;, E;f]) = { 0 if i>j, orif¢£0andi=j.
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An exceptional sequence {E;}!", is said to be full if, as a triangulated category, D
is generated by {E;}7 ; i.e., if 7’ is a triangulated full subcategory of D containing
E;, for all i = 1,...,n, then the inclusion morphism D’ — D is an equivalence of
categories.

Lemma 1.3.3. Let D be a k-linear triangulated category such that @ Hom(A, Bli]) is a

finite dimensional k-vector space, for all A, B € D. If E € D is exceptional, then the objects
P E[i)®™ forms an admissible triangulated subcategories.

(2

1.4. t-structure and heart. Let (.7, T) be a triangulated category. Let % be a subcat-
egory of /. For an integer n, we denote by #[n| the full subcategory of </, whose
objects are of the form X[n|, with X € %. In other words, #[n| = T"(#) C «.

Definition 1.4.1. Let &= and &7=° be two full subcategories of 7. For an integer
n, let &7=" .= o/<"[—n] and /=" := &/=[—n]. A t-structure on < is given by a pair
(=Y, o7=9) of full subcategories of &7 satisfying the following axioms.

(t]) Z< C <0 and 7> C 7>,
(t2) Forany X € &= and Y € &/=!, we have Hom,(X,Y’) = 0.
(t3) For any X € &7, there is a distinguished triangle

y g &

X0—>X—>X1 —>X0[1],
with X, € &/<%and X, € &=

In this case, the full subcategory /=% N &7=° of & is called the heart (or, core) of the
t-structure (/=0 .&7=Y).

Example 1.4.2 (Standard ¢-structure on D°(X)). Consider the full subcategories

ASV = {E* e D"(X): HY(E*) =0, Vi > 0} and

A=Y = {E* € D"(X): HY(E®) =0, Vi< 0}
of D*(X). The axiom (T1) is easy to see. To check axiom (T2), we need some nota-
tions. For an integer n € Z, let D="(X) (resp., D=") be the full subcategory of D*(X),
whose objects are E* € D’(X) satisfying £* = 0, for all i < n (resp., for all i > n).
Consider the truncation functors
(1.4.3) <" DY(X) — D="(X) and 7=": D% X)— D="(X)
defined by

TSNE*) = (- — E"? - B! — Ker(dh,) - 0—--+), and

T(E®) = (- — 0 — Ker(dpe) — E™ — E"T — ...,
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where d%. : E" — E""l, and E* € D’(X). Now take E* € A=" and F* € A=!. If
f € Hompsx)(E*, F'*), then f factors as

L e

< /
Tgo(f) <0

7=0(E*) T=9(F*)

R

Since 7=°(F*) = 0 in D*(X), we conclude that f = 0. Axiom (T3) follows from the
exact triangle

T=0(E*) — E* — 77/(B*) — m="(E)[1], VE* € D"(X).
Thus (A=, A2°) is a t-structure on D’(X), and the associated heart A=" N A=0 is

isomorphic to Coh(X).

The above mentioned ¢-structure on D°(X) is not interesting, and somehow use-
less. We shall be interested in some non-trivial ¢-structures on D°(X) giving more
interesting and useful hearts different from Cob(X).

The next proposition shows that, the truncation functors exists for general trian-
gulated category admitting a ¢-structure.

Proposition 1.4.4. Let . : /=" — o (resp., )/ : &/ =" — o) be the inclusion functor. Then
there is a functor =" : o — /=" (resp., <" : o — /=") such that for any X € < and
Y € /=" (resp., Y € o/="), we have an isomorphism

(1.4.5) Hom,_, <. (Y, 75"(X)) — Hom/(X,/(Y))
(resp.,
(1.4.6) Hom,,»n(77"(X),Y) — Hom (X, (Y))).

Lemma 1.4.7. Let (/=" o7/=°) be a bounded t-structure on a triangulated category <.
Then H := /=% N /=0 is abelian.

Proof. Let H := &/<" N &7=° be the heart of a bounded ¢-structure (&<", &/=°) on
2. O

Remark 1.4.8. If D*(A) = Db(X) for some abelian subcategory A of D°(X), then A
is a heart of a ¢-structure on D°(X). However, the converse is not true, in general.

1.5. Tensor Triangulated Category.
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2. DERIVED CATEGORY

2.1. Category of complexes. Let .2/ be an abelian category. A complex in < is given
by

2.1.1) Ayt g By e

where A’ are objects of &7 and d!; are morphisms in </ such that d’ o d; ' = 0, for all
i € Z. A complex A* in &/ is said to be bounded above (resp., bounded below) if there is
an integer ¢, such that A" =0, for all i > 1, (resp., if there is an integer j, such that
A7 =0, for all j < jy). If A® is both bounded above and bounded below, we say that
A® is bounded.

A morphism f* : A* — B°® between two complexes A®* and B*® of objects and
morphisms from & is given by a collection of morphisms {f* : A* — B'},cz in &/
such that the following diagram commutes.

e i1 dy’ Ai dy Ait dy”
(2.1.2) jle jfz lfi+1
» Bi-1 dj’ A dis Ait1 dy’

Let Kom/(<7) be the category, whose objects are complexes of objects and morphisms
from 7, and morphisms are given by morphism of complexes, as defined in (2.1.2).
Denote by Kom™ (), Kom™ (/) and Kom®(</) the full subcategories of Kom (<),
whose objects are bounded above complexes, resp., bounded below complexes, resp.,
bounded complexes. Then we have the following.

Proposition 2.1.3. For any abelian category < , the categories Kom (<), Kom™ (), Kom™ (/)
and Kom" (<7 are abelian.

Definition 2.1.4. For any complex A®* € Kom(&) and k € Z, we define its k™-shift to
be the complex A[k]|* € Kom(</) satisfying

(i) Alk]' :== A¥ foralli € Z, and
(i) dype = (“D)FdLE - A[R) — A[K]™, for alli € Z.

Proposition 2.1.5. For any integer k, the k*™-shift functor
Kom(e/) — Kom(«/), A*+— A[K]*

is an equivalence of categories.

Proof. Clearly, the (—k)™-shift functor A®* — A[—k|® defines the inverse functor of
the k*™-shift functor. O
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Remark 2.1.6. We shall see later that the category Kom (/) together with the shift
functor do not form a triangulated category, in general. However, we shall construct
the derived category D°(</) from Kom(<), which will turn out to be a triangulated
category.

Given a complex A®* € Kom(«/), we define its i*" cohomology sheaf
_ Ker(d'.)
()
A complex A* € Kom(/) is said to be acyclic if H'(A®) = 0, for all i € Z. Any
morphism f*: A* — B* of complexes gives rise to natural homomorphisms

(2.1.8) H(f): H'(A®) — HY(B®), VieZ.

(2.1.7) H'(A®) cod, Viel.

Let & and % be two abelian categories. Let
(2.1.9) F.od — A
be an additive functor. Then F induces a functor, also denoted by the same symbol,
(2.1.10) F : Kom (o) — Kom(2)
defined by sending A* € Kom(</) to the complex F(A*®), defined by
(i) F(A*) := F(A"), foralli € Z, and
(i) dinpe) 1 F(A) 25 FA1), foralli € 2,
and for any morphism f* : A* — B°, we have a natural morphism of complexes
F(f*): F(A®) — F(BY)
defined by F(f*)" := F(f*) : F(A") — F(B"), for all i € Z.

Definition 2.1.11. An additive functor F : &/ — 2% is said to be exact if it takes exact
sequence to exact sequence.

Remark 2.1.12. Note that F is exact if and only if for any acyclic complex A® €
Kom/(<7), its image F(A*) € Kom(Z) is acyclic.

Since Kom(</) is abelian for <7 abelian, we can talk about short exact sequences
in Kom (4 ). Then by standard techniques from homological algebra, any short exact
sequence

(2.1.13) 0—A*—B*"—C*"—0
gives rise to a long exact sequence of cohomologies (which are objects of &)

(2.1.14) - — H(A®) — HY(B®) — H(C®) — HTHA®) — -+, Vi€ Z.
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Definition 2.1.15. A morphism of complexes f* : A* — B* in Kom(</) is called
quasi-isomorphism if the induced morphism

(2.1.16) HI(f) : H'(A®) — HI(B®)
is an isomorphism, for all i € Z.

Example 2.1.17. Let X be a smooth projective k-variety and let E' be a coherent sheaf
on X. Then we can find a finite resolution

0—-FE"—wE"!'—...oF' 5 E" 5 E—0.

of E with E’ projective (locally free) Ox-modules. (We can use this to study many
properties of E in terms of locally free coherent sheaves.) This gives rise to a mor-
phism of complexes

ffr0-E"-E" ' ... 5 B 5 E) — (20— FE—=0—--),

which is a quasi-isomorphism.

2.2. Whatis a derived category? The main idea for definition of derived category is:
quasi-isomorphism of complexes should become isomorphism in the derived category. There-
fore, the derived category D(.%) is the localization of Kom (%) by quasi-isomorphisms.
This can be done by passing to the appropriate homotopy category.

Theorem 2.2.1. Let o7 be an abelian category, and Kom/(<f') the category of complexes in
<f. Then there is a category D(</), known as the derived category of <f, together with a
functor

(2.2.2) Q : Kom (o) — D()
such that:
(i) If f* : A* — B* in Kom(</) is a quasi-isomorphism, then Q(f*) is an isomorphism in
D(«),

(ii) if a functor F : Kom(</) — 9 satisfies property (i), there is a unique functor F -
D(<e/) — P such that F o () = F.

(2.2.3) \ d
F Y2 g 3 F

Now we go ahead for construction of the derived category D(</) of «7. Since
we want any quasi-isomorphism C* — A® of complexes in Kom(<7) to become iso-
morphism in the derived category D(./), any morphism of complexes C* — B*®
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in Kom(«/) should give rise to a morphism A* — B*®in D’(«/). This leads to the
definition of morphisms in D%(</) as diagrams of the form

C.
VRN
A B,

where “qis” stands for “quasi-isomorphism” of complexes. To make this more pre-
cise, we need to define when two such roofs should considered to be equal, and how
to define their compositions. Then natural context for both problems is to consider
the homotopy category K (/) of complexes in Kom(</), which is an intermediate
step for going from Kom(</) to Z(<7).

Kom (<) b D(H)
\ o /Q

Definition 2.2.4. Two morphisms of complexes f*, g* : A* — B* in Kom(</) are said
to be homotopically equivalent, written as f* ~ g°, if there is a morphism of complexes
h* : A* — B*[—1] such that f* — ¢ = h'*' o d), + d'5 ' o h'.

i—1 '3 i+1
A e —— 5 A? 2 Al iy Aitl df;r
g.llf. gi_lllfi_/gillfi hitl gi+1llfi+1
. dit . di . ditt
B e —y Bl B Bt B B+l B o ...

Let K (27) be the category, whose objects are the same as objects of Kom(/) and
morphisms are given by Homg (/) (A®, B*) := Homyop, () (A%, B*)/ ~, forall A®, B* €

Following proposition is an easy consequence of the above definition.

Proposition 2.2.5. (i) Homotopy equivalence of morphisms A* — B* of complexes is an
equivalence relation.

(ii) Homotopically trivial morphisms of complexes form an ‘ideal’ in the morphisms of
(iii) If f* and g* are two homotopically equivalent morphisms of complexes in Kom(</),
then the induced morphisms H'(f*) and H'(g*) from H'(A®) to H'(B®) coincides.

(iv) Let f*: A* — B®and ¢g* : B®* — A*® be two morphisms of complexes. If f* o g* ~ Idp.
and g® o f* ~ Id e, then f* and g* are quasi-isomorphisms, and H'(f*)~1 = Hi(g*),

forall i € Z.
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Now we complete the construction of derived category D(<). Take Ob(D(/)) :=
Ob(Kom(<7)). As discussed before, a morphism f : A* — B*®in D(<) is given by
equivalence class of roofs of the form

C.
RN
A* B*

where C* 2% A% is a quasi-isomorphism of complexes in Kom (<), and two such
roofs

Cr C3
N N
A* B* A* B*

are considered to be equivalent if they are dominated by a third one of the same type

- Cf

- 0
qis -~ ‘7 \
(2.2.6) / ce cs

/ qis \
A* B*

such that the above diagram commutes in the homotopy category K (.27). In par-
ticular, the compositions C§ — C} — A* and C; — C3 — A*® are homotopically
equivalent. To define composition of morphisms in D(.7), consider two roofs

Cr C3
2NN
A* B* B c*

representing two morphisms in D(.¢7). It is natural to guess that, one should be able
to define their composition to be a morphism represented by ‘the’ following roof

o
7\
T C3
NN
A* B* ce,

(2.2.7)
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which commutes in the homotopy category K (). Now we need to ensure that
such a diagram exists uniquely, up to equivalence of roofs as defined in (2.2.6) (c.f.,
Proposition 2.2.12). For this, we need the concept of “mapping cone”.

Definition 2.2.8. The mapping cone of a morphism f* : A* — B*® in Kom(/) is a
complex C( f*) defined as follow:

—db 0

C(f.)z — A’H—l &P _BZ and d’LC(f.) = ( fi+1 dZB.

), VieZ.

Note that C'(f*) is a complex. Moreover, there are natural morphisms of complexes
(2.2.9) 7:B*— C(f*) and w:C(f*) — A*[1]

given by natural injection B' — A""' @ B’ and the natural projection A" & B' —
A*[1]" = A", respectively, for all i. Then we have the following.

(i) The composition B®* — C(f*) — A*[1] is trivial. In fact,
0— B* " C(f*) = A*[1] — 0

is a short exact sequence in Kom(/), and gives us a long exact sequence of
cohomologies

oo HI(A®) = HU(B®) = HI(C(f*) = HTHA®) — -+

(ii) The composition A* -+ B* —Ts C(f*) is homotopic to the trivial morphism.
Indeed, take h* : A* — C(f*) to be morphism of complexes defined by the
natural injective morphism i’ : A* — C(f*)"! = A' @ B!, for all i. Then we
have

W odye +dg e o =70 f', VieL.
Remark 2.2.10. It follows from the above construction that any commutative dia-
gram of complexes

by

T1

Al By C(f7) —— Al

l¢ l¢ aiwu@w l¢m

. f2 . 2 2 .
A3 B3 C(f2) —— A3[1]

can be completed by a dashed arrow as above (c.f., axiom (TR3) in Definition 1.2.4).

Proposition 2.2.11. Let f : A* — B*® be a morphism of complexes and let C(f) be its
mapping cone. Let T : B* — C(f) and = : C(f) — A*[1] be the natural morphisms as in
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(2.2.9). Then there is a morphism of complexes g : A®*[1] — C(7) which is an isomorphism
in K (<) such that the following diagram commutes in the homotopy category K (</).

m o —f .
C(f) == A*[1] —= B*[1]

I

X g 74
Y
C(7)
Proof. Define g : A*[1] — C(7) by setting
gz‘ . Ao[l]z‘ — Ai—l—l — C(T)Z _ Bi+1 D Az‘—i—l D Bi

B* —~

to be the morphism ¢' = (—f*"!,Idi+1,0), for all i. Clearly, g is a morphism of
complexes, and its inverse (in K (<)) is given by the morphism of complexes ¢! :
C(1) — A*[1] defined by projection onto the middle factor. Clearly, 7, o g = —f in

Kom/(</). However, the diagram
C(f) == A*[1]

!

C(r)

does not commute in Kom (7). We show that, mog ~ 7. For this, note that g 'o7, = 7
in Kom(</). Since g o g~ ~ Id¢(,), we have 7, ~ g o 7. This completes the proof. [

Now we use the above proposition to complete the proof of existence and unique-
ness of composition of morphisms in D(<).

Proposition 2.2.12. Let f : A* — B*®*and g : C* — B*® be morphism of complexes
with f a quasi-isomorphism. Then there is a complex C{ together with a quasi-isomorphism
Cy — C* and a morphism C§ — A® such that the following diagram commutes in the
homotopy category K (7).

qis

cs ce
l )
A. f B.

qis

Proof. Note that, there is a natural morphism of complexes ¢ : C(rog) — A*[1] given
by the natural projection

(bz' : C(T o g)z’ — CiJrl D C(f)z — CiJrl D Ai+1 D Bz‘ ﬂ Ai+1 — Ao[l]i
onto the middle factor, for each i. By Proposition 2.2.11, there is morphism of com-
plexes ¢ : C(1) — A*[1] which is an isomorphism in K (). Then the following
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diagram is commutative in K (.<7).

TOg Trog

Cy = C(Tog)[-1] ce C(f) C(tog)
ot T |+
' f - - 0 .
A B C(f) C(r) —— A*[1]

Define C§ := C(1 o g)[—1]. Since f is a quasi-isomorphism, it follows from the com-
mutativity of the above diagram that C§j — C* is a quasi-isomorphism. O

Remark 2.2.13. Existence and uniqueness of composition of morphisms in D(</)
follows from the above Proposition 2.2.12 (c.f., diagram (2.2.7)). This completes the
construction of the derived category D(</).

Proposition 2.2.14. The categories K (<) and D(</) are additive.
Proof. Let A®, B* € Kom(</). Since Kom(</) is an abelian category, it follows from
Proposition 2.2.5 that the quotient
HOD’IK(%) (A., B.) = Hom;@m(d) (A., B.)/ ~,
is an abelian group. Thus K (/) is an additive category.

To see D(<7) is an additive category, let fi, f, € Homp,(A*, B*) be two mor-
phisms in D(<7) represented by following equivalence classes of roofs

cr s
1 1 ¢2 b2
A B A B

respectively. It follows from Proposition 2.2.12 that there is an object C* € D(</)
and quasi-morphisms ¢; : C* — C?, for i = 1,2, such that the following diagram
commutes in the homotopy category.

and

02

(2.2.15) Cr—2 3
qis L 01 j 2
Cr — 2 A

qis

Note that, both ¢; o ; and ¢, o J,, are quasi-isomorphisms, and are equal in K (.27).
Letd = ¢y 061 = ¢pg 0 02 in K (7). Then in D(.«/), we can write

fit fo=110¢7 + 1oy = (108 +1hpo0dy)0d .
This defines f; + ¢g; in D(«). One can check that, f + g as defined above, is well-
defined in D(</). Note that, the roof A® % Cc Y. B* is the additive inverse of
f1in D(47). Now one can check that Homp(4)(A®, B*) is an abelian group. O
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Definition 2.2.16. A triangle
A} — A} — A5 — AY[1]

in K () (resp., in D(</)) is said to be a distinguished triangle if it is isomorphic in
K(47) (resp., D(7)) to a triangle of the form

AL Bt Ty o(f) 5 AL,
where f is a morphism of complexes with mapping cone C(f), and 7 and = are
natural morphisms as defined in (2.2.9).

Proposition 2.2.17. The categories D(</) and K (<) together with the shift functor are
triangulated. Moreover, the natural functor Q : K(</) — D(</) is an exact functor of
triangulated categories.

Proof. Triangulated structure on both K (/) and D(</) are given by shift functor
A* — A*[1] together with the collection of ‘distinguished triangles’ as defined above.
Verification of axioms (TR1) — (TR4) requires crucial use of mapping cone. OJ

Example 2.2.18. Let & = Vectsqs(k) be the category, whose objects are finite di-
mensional k-vector spaces, and morphisms between objects are k-linear homomor-
phisms. Then D(</) is equivalent to the category | [,., </ of graded k-vector spaces.
Note that, any complex of k-vector spaces A* € D(Vectsq(k)) is isomorphic to its
cohomology complex € H'(A®*)[—i] with trivial differentials. More generally, this
holds for any semisimplli’zabelian category 7 (i.e., when & is abelian and any short
exact sequence in &/ splits).

Remark 2.2.19. Contrary to the category Kom(</) of complexes in <7, the derived
category D(<7) is not abelian, in general. However, D(</) is always triangulated.
Db(/) is abelian if and only if </ is semisimple

(see https:/ /math.stackexchange.com/questions/189769).

Corollary 2.2.20. (a) The functor Q) : Kom(a/) — D(</) identifies set underlying set
of objects of both categories (Apply property (ii) to the identity functor Kom(</) —
Kom(<)).

(b) For any complex A* € D(<7), its cohomology objects H'(A®) are well-defined objects
in of. (This is because, quasi-isomorphisms of Kom/(</) turns into isomorphisms in
D(4).)

(c) Considering A € <f as a complex A* € D(<f) concentrated at degree zero only, gives
an equivalence between o/ and the full subcategory of objects of D(o/) with H'(A®) =0

for i # 0.

Proposition 2.2.21. Let o7 be an abelian category and K (/) its homotopy category. Let €
be any additive category.


https://math.stackexchange.com/questions/189769/when-is-the-derived-category-abelian
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(1) An additive functor F : K(o/) — € factors through an additive functor F
D(o/) — € if and only if F' send quasi-isomorphisms to isomorphisms.

(2) Let A be an abelian category, and G : K(</) — K (%) an additive functor which
maps quasi-isomorphism to quasi-isomorphism. Then G induces an additive functor
G : D(of) — D(B) such that the following diagram commutes.

K() K(#)
de lQ@
D(«/) —C—— D(#)

Proof. If F': K (/) — ¢ sends quasi-isomorphisms to quasi-isomorphism, we define
F : D(&/) — € by sending an object £* € D(</) to F'(E®) € ¢, and any morphism

flo: A <i; c* . B in D(4/) to the morphism

FY¢)’1}7 F(f)

F(f)o F(¢)™h: F(A*) (C*) —= F(B*).

~

in ¥. Converse follows from the construction of D(<) and Theorem 2.2.1.

The second assertion follows by applying the first one to the composition F' :
K() -% K(B) %4 D(B). 0

2.3. Derived categories: D~ (<), D" («/), and D*(&).

Definition 2.3.1. Let Kom™(«/), with « = +, —, or b, be the full subcategory of Kom (<),
whose objects are complexes A* € Kom (/) with A* = 0foralli < 0, > 0, or |i| < 0,
respectively.

Note that, Kom*(</) is again abelian, for * € {4, —,b}. So following similar con-
struction (i.e., by dividing out first by homotopy equivalence, and then by localiz-
ing with respect to quasi-isomorphisms), we can construct a category, denoted by
D*(</). There is a natural forgetful functor

F*: D (o) — D(),
which just forgets boundedness condition.

Proposition 2.3.2. The natural forgetful functor F* : D*(«/) — D(</), where x = +, —,
or b, gives an equivalence of D* (/') with the full triangulated subcategories of all complexes
A* € D(o) with H'(A®) =0, for i < 0, for i > 0, or for |i| < 0, respectively.
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To give an idea how this works, let A* € Kom(</) be such that H'(A*) = 0, for
i > n. Then the commutative diagram

B*: o — A2 Al Ker(d") 0
(2.33) [ l
A® - . An—Z An—l An An+1

defines a quasi-isomorphism between a complex B* € Kom™ (/) and A*. Similarly,
if H'(A®) = 0 for i < m, then the commutative diagram

A T Am Amtl L
oo T
(Gh e 0 Coker(d} 1) —= ATl — ...

defines a quasi-isomorphism of a complex C* € Kom™ (&) and A°®. Similar idea
works for Kom" (7). However, one need to pass from Kom* (<) to the derived cate-
gory D*(</) by inverting quasi-isomorphisms. This needs some technical care.

Let &7 C % be full abelian subcategory of an abelian category %. Then there is an
obvious functor ¢ : D(%/) — D(Z). One might expect that this is an equivalence
of D(<f) with the full subcategory D, (%) of D(#) consisting of objects E* € D(%4)
with H'(E®) € «, for all i € Z. However, this is not true, in general. There are
several issues.

e D (%) need not be triangulated!
e The functor ¢ is neither faithful nor full, in general.

However, the next proposition answers when the above expectation holds true. First,
we need a definition.

Definition 2.3.5. Let &/ be an abelian category. A thick subcategory of < is a full
abelian subcategory # C </ of </ such that for any short exact sequence (in .7)

0—A—-B—-C—0

with A, C' € 4, we have B € 4.

Let £, F' € o/. We say that F'is embedded in E (or, F is a subobject of E) if there is a
monomorphism F' — E in &/. An object I € </ is called injective if the functor

Hom, (—,I): o — Ab

is exact.
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Proposition 2.3.6. Let &/ C % be a thick abelian subcategory of an abelian category 2.
Assume that any object A € <7 is a suboject of an object 14 € <7, which is injective as an
object of A. Then the natural functor D(</) — D(Z) induces an equivalence

D*(of) — D, (A), where+ =+ orb,

of D*(<7) and the full triangulated subcategory D*,(#) C D*(A) of complexes with coho-
mologies in < .

PS.: I have not seen similar statement for * = () or —.

Next, we want to get a computable description of Hom'’s in the derived category.
In the next section, using derived functor, we show that

Homp4)(A*, B*[i]) = Ext'(A®, B*), Vi.

3. DERIVED FUNCTORS

3.1. What is it? Let F' : A — B be an additive functor between abelian categories.
We want to know when such a functor give rise to a natural functor between de-
rived categories. Note that, if F' is not exact, then image of an acyclic complex
(H'(A®) = 0, V i) may not be acyclic. So to get a induced functor at the level of
derived categories, F' should be exact.

Lemma 3.1.1. Let F' : K*(A) — K*(B), where x € {0, —,+,b}, be an exact functor
of triangulated categories. Then F' induces a functor F' : D*(A) — D*(B) making the
following diagram commutative

K*(A) ——— K*(B)

L,

D*(A) D*(B)

if and only if one of the following (equivalent) conditions holds:

(i) F sends a quasi-isomorphism to a quasi-isomorphism.
(ii) F sends any acyclic complex to an acyclic complex.

However, if the functor F'is not exact or F' does not satisfies one of the equivalent
conditions in (i) and (ii) above, still there is a bit complicated way to induce a natural
functor between derived categories. This new functor is called the derived functor
of F, but they will not produce a commutative diagram as in the above lemma.
However, derived functor encodes more information about objects of the abelian
categories.
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To ensure existence of a derived functors, we need to assume some kind of ex-
actness of F'. If F'is left exact (resp., right exact), we generally get a right derived
functor (resp., let derived functor)

RF : D" (A) — D*(B) (resp., LF:D (A)— D (B)).
Both constructions are similar, and we only discuss the case of left exact functor.

Let F' : A — B be a left exact functor of abelian categories. Assume that A has
enough injective (meaning that, for any A € A, there is an injective object I of A
together with a monomorphism ¢ : A — I in A). Let Z4 C A be the full subcategory
of A consisting of injective objects of .A. Note that, Z 4 is additive, but not necessarily
abelian. However, the construction of homotopy category works for any additive
category. Therefore, K*(Z,) is defined, and is a triangulated category. Now the
inclusion functor Z4, — A induces a natural exact functor K*(Z4) — K*(A), and
composing it with the exact functor Q4 : K (A) — D*(A), we get a natural exact
functor K+ (Z4) — D (A).

Proposition 3.1.2. The functor Q4 : K*(A) — D™ (A) induces a natural equivalence of
categories . : KT (Z4) — DT (A).

Then we have the following diagram

KH(Zy) o KH(A) — " K+ (B)

\ | |s

DH(A) DH(B).

where ™! is the quasi-inverse functor. Such a quasi-isomorphism (:7!) is obtained
by choosing a complex of injective objects quasi-isomorphic to a given bounded be-
low complex in D*(A). Note that, the functor K (F') is well-defined at the level of
homotopy category, because F' is left exact and we are working with bounded below
complexes.

Definition 3.1.3. The right derived functor of a left exact functor F' : A — B is the
functor

RF :=QpoK(F)o.™': D" (A) — D" (B).
Proposition 3.1.4. (i) There is a natural morphism of functors
QBOK(F) —> RFoQy4.

(ii) The right derived functor RF : D (A) — D™ (B) is an exact functor of triangulated
categories.



Page 30 of 126 Notes on derived category

(iii) Let G : D*(A) — D™ (B) be an exact functor of triangulated categories. Then any
morphism of functors

Qo K(F) — GoQu,

factorize through a unique morphism of functors RF — G.

Proof. (i) Let A* € KT(A). Note that, Q4(A®) = A®. Let I* := 7 !(A®) € K*(Z4).
Then the natural isomorphism of functors Id p+(4) — 1ot~ gives rise to a func-
torial isomorphism A® — ((I*) = I*. Since I* is a complex of injective objects,
the above isomorphism in D" (A) gives rise to a unique morphism A®* — I* in
the homotopy category K (A) by Proposition 3.1.13 (see below). Therefore, we
have a functorial morphism

K(F)(A*) — K(F)(I*) = RF(A%),

which gives the required morphism of functors.

(ii) Note that, K(Z4) is a triangulated category and ¢« : K(Z4) — D7(A) is an
exact equivalence of categories. Then .~! being the adjoint of ., it is also exact
(c.f. Proposition 1.2.13). Now RF := Qp o K(F) o .~! being a composition of
exact functors, is exact.

(iii) See [GMO3, II1.6.11].

O

One can rephrase the Proposition 3.1.4 as a universal property to define derived
functor of a left exact functor as follow.

Definition 3.1.5 (Universal property of derived functor). Let F' : A — B be a left
exact functor of abelian categories. Then the right derived functor of F, if it exists, is
an exact functor RF : D*(A) — D™ (B) of triangulated categories such that

(i) there is a natural morphism of functors Qz o K(F') — RF o ()4, and
(ii) for any exact functor G : D (A) — D*(B), there is a natural bijection

Hom(RF,G) — Hom(Qpo F,G o Q.4).

Definition 3.1.6. Let RF' : D™ (A) — D™ (B) be a right derived functor of a left exact
functor F' : A — B. Then for any complex A* € D*(A), we define

R'F(A®) .= H(RF(A®*)) e B, VieZ.
The induced functors R'F : A — B given by composition
A DHA) BE B

are known as higher derived functors of F.
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Given any A € A, choosing an injective resolution
A— ' — 1" — ...
we see that, R'F'(A) = H'(--- — F(I°) —» F(I') — ---). In particular,
R°F(A) = Ker(F(I°) — F(I")) = F(4),
since F is left exact.

Definition 3.1.7. An object A € Ais called F-acyclic if R'F(A) =0, for all ¢ # 0.

Corollary 3.1.8. With the above assumptions, any short exact sequence
0—+A—=B—-C—=0
in A give rise to a long exact sequence
0— F(A) = F(B) = F(C) — R'F(A) - R*"F(B) = R*F(C) — R*(A) — ---
To see how it works, note that any short exact sequence 0 — A LBsCc—o0
in A gives rise to a distinguished triangle A - B — C' — A[l] in D(A). Again any

distinguished triangle A* — B* — C* — A°*[1] in D(A) give rise to a long exact
sequence of cohomologies

co s HTHC®) = HU(A®) = HY(B®) — HI(C®) — HTH(A®) — - .

Now the above corollary follows by considering the distinguished triangle RF(A) —
RF(B) — RF(C) — RF(A)[1] in D(B).

Example 3.1.9. Let A be an abelian category, and let Ab be the category of abelian
groups. Consider the covariant functor

Homy(A,—): A — Ab.

Clearly, Hom(A, —) is left exact. If A contains enough injectives (for example, if A
is Mod(Ox) or QCoh(X) for X a noetherian scheme; c.f., [Har77, Exercise III. 3.6]),
then we define

(3.1.10) Ext'(A, —) := H'(RHomy(A, —)).

Proposition 3.1.11. Let A be an abelian category with enough injectives, and let A, B € A.
Then there are natural isomorphisms

Exty (4, B) & Homp)(4, Bli]), V i,

where A and B are considered as complexes in D(A) concentrated at degree 0 place.
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Proof. Let
B—I°>1'"— ...

be an injective resolution of B in A. It follows from the construction of right derived
functor that R Hom(A, B), as an object of D" (Ab), is isomorphic to the complex

Hom(A,I*) : Hom(A,I°) — Hom(A, I') — Hom(A, I?) — - .
Therefore, Ext'(A, B) = H'(Hom(A, I*)).

Note that, a morphism f € Hom(A, I') is a cycle (i.e., f € Ker(Hom(A,I') —
Hom(A, I'*1))) if and only if f defines a morphism of complexes

f:A— I

This morphism of complexes f is homotopically trivial if and only if f is a boundary
(i.e., f € image(Hom(A, I'"') — Hom(A, I'))). Therefore, we have

Ext'(A, B) & H'(Hom(A, I°*)) = Hom(4) (A, I°[i]).
Since I* is a complex of injective objects, by Lemma 3.1.12 (see below) we have
Hom g (4)(A, I°[i]) = Hompa (A, I°[d]).
Since B = I* in D*(A), we have Ext'(A4, B) = Homp4)(4, Bli)). O
Lemma 3.1.12. Let A be an abelian category with enough injectives. Let A®, I* € Kom™ (A)
be two bounded below complexes such that I' is injective, for all i. Then

HOII’IK(A)(A., ].) = HomD(A)(A', ].).

Proof. Clearly, there is a natural morphism
HOIIIK(A) (A', I') — HomD(A)(A‘, ].) .

We need to show that given any morphism f € Homp4)(A®, I*) represented by a

roof of the form
C.
N
@

A - 10

there is a unique morphism of complexes ¢’ : A®* — I°* making the above dia-
gram commutative in the homotopy category K (.A). Now the result follows from
the Proposition 3.1.13 below. O

Proposition 3.1.13. Let A be an abelian category with enough injectives. Then for any
quasi-isomorphism ¢ : B® — A® in Kom™ (A), the induced map

HomK(A) (A., I.) — HomK(A)(B‘, ].),

obtained by precomposing with ¢, is bijective.



A. Paul Page 33 of 126

Sketch of a proof. Complete the morphism ¢ : B* — A® to a distinguished triangle in

the triangulated

category K" (A). Applying the functor Hom(—, I*) and then taking the associated
long exact Hom(—, I*)-sequence, we see that it is enough to show that Hom (1) (E*, I*) =
0, for any acyclic complex E°.

Next, we take any morphism of complexes f : E* — I°, and construct a homotopy
between f and the zero morphism. This can be done by induction. Assume that
h' . E' — I'~!is constructed by induction. If 1’ is constructed for all j < i, then the
morphism

fr=ditohl B — T
factors through E’/E"~! — ['. Since I" is injective, this lifts to a morphism A**! :
B! — I'so that f* — d'.! o h* = hi*! o di... Thus the induction works! O

Remark 3.1.14. In practice, we need to deal with many important abelian categories
without enough injective objects, or sometimes the functor F' is defined at the level
of homotopy categories only. However, one can still construct derived functors in
that setup under certain assumption. Let us explain briefly.

Let A and B be abelian categories.
Case L. I is defined only at the level of homotopy category: let

(3.1.15) F: K*(A) — K(B)
be an exact functor of triangulated categories. Then the right derived functor
(3.1.16) RF : D*(A) — D(B)

of F' satisfying the properties (i)—(iii) of Proposition 3.1.4 exists if there is a triangu-
lated subcategory K C K*(A) adapted to F, meaning that K satisfies the following
conditions:

(i) if A* € Ky isacyclic, then sois F'(A*), and
(ii) any A* € K*(A) is quasi-isomorphic to a complex in K.

Roughly, with the above hypotheses (i)—(iii), we may localize the subcategory K (K )
with respect to the quasi-isomorphisms of objects from K to produce an equiva-
lence of categories K* (K ), — D*(A). Moreover, the functor K (F) : K*(A) —
K*(B) give rise to a functor K+ (Kp)y;s —> KT(B). Then by choosing a quasi-
inverse of the above equivalence, we get the required derived functor D*(A) —
D(B).

Case II. ' : A — B a left exact functor, but A has not enough injectives. In this
situation, we may construct the right derived functor of F' by looking at the F-adapted
class of objects I C A, which is defined by the following properties.
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(a) Zr is stable under finite sums,
(b) if A* € KT(A) is acyclic with A” € T, for all 4, then F(A*) is acyclic, and
(c) any object of A can be embedded inside an object of Z.

Let K" (Zr) s be the localization of Kt (Zr) by quasi-isomorphism of complexes with
objects from Zp. Then the above hypotheses (a)—(c) gives rise to an equivalence of
categories

(3.1.17) by KT (Tr)gis — DT (A).

Then K(F) : K*(A) — K*(B) induces a functor K(F)ys : KT (Zp)gus — KT(B).
Now choosing a quasi-inverse ¢, ' of (3.1.17) and composing with Q3 o K(F')4s, we
get the required right derived functor RF' : D (A) — D(B) of I as discussed before.

The definition of Ext group as given in Example (3.1.9) can be generalized for
complexes as follow. Given A°*, B* € Kom(A), let Hom®(A®, B*) be the complex
defined by

(3.1.18) Hom'(A®, B*) := @5 Hom(4/, B™)

=
with the differential

d(f) :=dpo f—(-1)foda, VfeHom(A* B+,

, ! o
A] Bz-‘r]
;7
Ait+L i Bititl

The complex Hom®(A®, B*) is known as the internal hom of A® into B®.

Note that, any A* € Kom(A) gives rise to an exact functor
(3.1.19) Hom*(A*,—): K" (A) — K(Ab), B®+— Hom*(A®, B®).

Let Z ¢ K*(A) be the full triangulated subcategory, whose objects are complexes /*
with I" injective object of A, for all i. Then 7 is F-adapted, where F' = Hom®(A*, —),
as defined in Remark 3.1.14. Then the right derived functor

(3.1.20) RHom*(A®,—): D*(A) — D(Ab).
of Hom*(A®, —) exists. Then we define
(3.1.21) Ext,(A®, B*) := H'(RHom"(A4®, B*)), Vi.

Now the proof of Proposition 3.1.11 can be modified to prove the following.
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Theorem 3.1.22. Let A be an abelian category with enough injectives, and let A®, B* €
Kom(A) be two bounded (or bounded below) complexes. Then there are natural isomor-
phisms of abelian groups

Ext';(A*, B*) = Homp4)(A®, B°[i]), ¥ i.
It follows from Theorem 3.1.22 that the abelian group Ext’,(A*, B*) depends on the

“isomorphism classes” of A* and B* in the derived category, not on the complexes.
If A} —» A3 is a quasi-isomorphism of complexes, then the induced morphism

RHom?*(ASl, B*) — RHom?*(A3, B*)

is an isomorphism in D(Ab), because their cohomologies are isomorphic. Therefore,
the functor Hom*(—, B*) descends to the derived category to give a bifunctor

(3.1.23) D(A)® x D¥(A) — D(Ab),
which is exact in each variable.

Definition 3.1.24. An abelian category A is said to have enough projectives if for each
object A € Athere is a projective object P in A together with an epimorphism A — P
in A.

If the abelian category A has enough projectives, then for any complex B* €

Kom(.A), the left exact functor
Hom*(—, B®) : K~ (A)®® — K(Ab)
admits a right derived functor
RHom?*(—,B®) : D™ (A)® — D(Ab).

One can check that, this depends only on B* as an object of derived category. There-
fore, it defines a bifunctor
(3.1.25) D™ (A)* x D(A) — D(Ab).
If A has enough injectives and enough projectives, both bifunctors in (3.1.23) and
(3.1.25) give rise to the same bifunctor
(3.1.26) RHom*(—,—) : D™ (A)® x D"(A) — D(Ab).
Remark 3.1.27. If A has enough injectives, but not necessarily have enough projec-

tives, using (3.1.23) we can get the derived functor

(3.1.28) RHom®*(—, B*) : D~ (A)® —s D(Ab).

Note that, thanks to Theorem 3.1.22, composition of morphisms in the derived
category can be used to define composition for Ext groups:

(3.1.29) Ext'y(A®, B*) x Ext),(B*,C*) — Ext';7(A®,C*),
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for all A*, B*,C* € D*(A). This follows because
Ext),(B®,C*) = Homp4)(B*, C*[j]) = Homp ) (B°[i], C*[i + j]) .

Proposition 3.1.30 (Grothendieck’s composite functor theorem). Let Iy : A — B and
Fy : B — C be left exact functors of abelian categories. Suppose that there are adapted classes
I, C Aand Ly, C B for Fy and F,, respectively, such that Fy(Zg,) C Ip,. Then the derived
functors RFy : DT (A) — D™(B), RF; : DY(B) — D*(C) and R(Fy o Fy) : DT (A) —
D*(C) exists, and there is a natural isomorphism of functors

R(Fyo0 Fy) — RF, 0 RF, .

Proof. Clearly RF, and RF; exists by given assumptions (c.f., Remark 3.1.14). Since
F\(Ir,) C Ip,, we see that Zp, is (F, o Fy)-adapted. Therefore, R(F; o F}) exists. Then
the natural morphism of functors

(3131) R(FQOFl) — RFQORFl

follows from the universal property of derived functor R(F, o F}) (c.f., Definition
3.1.5). To see (3.1.31) is an isomorphism, given any complex A* € D*(.A) we choose
a complex I* € K" (Zp,) quasi-isomorphic to A°*. Then we have

(3.1.32) R(Fy 0 F1)(A®) = (K(F3) o K(F1))(I*)
and
(133 RE(RR(A%) = REK(R)() = K(B)(K(F)(I7)).

Now it follows from the natural isomorphism between (3.1.32) and (3.1.33) that the
morphism of functor in (3.1.31) is an isomorphism. 0J

Remark 3.1.34. If both A and B have enough injectives, then the hypotheses of the
above Proposition 3.1.30 are satisfied if F3(Z4) C Z.

4. SERRE FUNCTOR

4.1. Abstract Serre functor. Let k be a field. Let A be a k-linear additive category.

Definition 4.1.1. A Serre functor on A is a k-linear equivalence of categories
S:A— A
such that for any two objects A, B € A, there is a natural k-linear isomorphism
nap : Hom(A, B) — Hom(B, S(A))",
which is functorial in both A and B. We write the induced k-bilinear pairing as

Hom(B,S(A)) x Hom(A, B) — k, (f,q9) — (flg) .
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Proposition 4.1.2. Let A be a k-linear additive category together with a Serre functor S :
A — A. Then for any A, B € A, the following diagram commutes.

NA,B

(4.1.3) Hom(A4, B) Hom(B, S(A))*
INp sy =7

SA’Bl - TS*B,S(A)

NS(A),S(B) Hom(S(B)7 SQ(A))*

—

Hom(S(A), S(B))

Proof. By abuse of notation, we denote by 77, 54, the composite k-linear homomor-
phism
Wh.sca) - Hom(S(A), S(B)) = Hom(S(4), S(B))™ =% Hom(B, S(A))".

Therefore, it suffices to show that both upper and lower triangles in (4.1.3) com-
mutes. Note that, commutativity of upper triangle is equivalent to

(flg) = (Sas(9)lf), VS eHom(B,5(4)), g € Hom(A, B).

Applying functoriality of 1 in the second variable, we have the following commuta-
tive diagram.

NA,B

(4.1.4) Hom(A, B) Hom(B, S(A))*

ogT T(S(g)o—)*

Hom(B, B) — =2~ Hom(B, S(B))*

Applying commutativity of (4.1.4) toIds € Hom(B, B) we have (f|g) = (S(g)of|1d).
Applying functoriality of 7 in the first variable, we have the following commutative
diagram

1B,B

(4.1.5) Hom(B, B) Hom(B, S(B))*

fOl l(Of)*

Hom(B, S(A)) — . Hom(S(A), S(B))*,

which gives ((S(g) o f)|1dg) = (S(g)|f)- This completes the proof. O

Remark 4.1.6. In order to avoid trouble with identifying Hom(A, B) with its double
dual Hom(A, B)**, we always assume that a k-linear additive category A has finite
dimensional Hom’s (i.e., dim; Hom 4(A, B) < oo, for all A, B € Ob(A)).

Lemma 4.1.7. Let A and B be k-linear additive categories with finite dimensional Hom's.
If A and B are endowed with Serre functors S, and Sg, respectively, then any k-linear
equivalence F' : A — B commutes with Serre functors (i.e., there is an isomorphism of
functors F'o Sy = SgoF).
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Proof. Since F is fully faithful, for any A, B € A we have a functorial isomorphism
Hom(A, S4(B)) = Hom(F(A), F(Sa(B))) and Hom(B,A) = Hom(F(B),F(A)).
By definition of Serre functor, we have the following functorial (in both variables)
isomorphisms
Hom(A, Sx(B)) = Hom(B,A)" and Hom(F(B),F(A)) = Hom(F(A),Sg(F(B)))*.
These gives a functorial isomorphism

Hom(F(A), F(S4(B))) — Hom(F(A), Ss(F(B))).

Since F' is essentially surjective, any object in B is isomorphic to an object of the
form F(A), for some A € A. Hence the result follows from the above functorial
isomorphism. O

Proposition 4.1.8. Let A be a k-linear additive category. Then any two Serre functors on
A are isomorphic.

Proof. This follows from the definition of Serre functor and Yoneda lemma. O

4.2. Serre duality in D°(X). Let X be a smooth projective k-variety of dimension
n > 1. Note that, for any locally free coherent sheaf I on X, the functor

—®E:Coh(X) — Coh(X), Fr—sFRE

is exact. Let wx be the dualizing sheaf on X. Let D*(X) = D*(€oh(X)), where
* € {0,b,—,+}. Consider the composite functor

(4.2.1) Sy : D (X) =227, pr(x) —" 1 pr(x),

where [n] : D*(X) — D*(X) is the n-th shift functor given by sending a complex E*
to E*[n]. Since both the functors wx ® — and [n] are exact, their composite functor
Sx = wx ® (—)[n] is exact.

Theorem 4.2.2 (Grothendieck-Serre duality). Let X be a smooth projective variety over
a field k. Then the functor Sx : D*(X) — D°(X) as defined in (4.2.1) is a Serre functor in
the sense of Definition 4.1.1.

Proof. Given any two objects E*, F* € D’(X), we need to give an isomorphism of

k-vector spaces

(4.2.3) Npe,re : Hompo(x) (E*, F*) — Homps(x)(F*, Sx(E®))*

which is functorial in both E* and F*. Thanks to Theorem 3.1.22, we have
Hom ey (E®, F*[i]) = Ext'(E*, F*), Vi.
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Since X is smooth and projective, choosing a resolution by complex of locally free
sheaves on X, we may assume that F' is locally free, for all i. Then we have functorial
isomorphisms

Hom'(E*, F*) = @) Hom(E/, F™) = @) H"(X, Hom(E’, ™))

jez jez
= @ Ext"(F'™ E' @ wx)*, by classical Serre duality theorem.
jez
= @ Hom s (x)(F'*7, EY @ wx|[n])*, by Proposition 3.1.11.
jez

=~ Hom"*(F*, E* ® wx)".
Since for any two complexes A*, B°, we have
Ext)(4*, B*) :== H'(RHom*(A®, B*)), Vi,
the theorem follows. O
Remark 4.2.4. Theorem 4.2.2 is a special case of Grothendieck-Verdier duality (c.f.
Section §6.9). We shall see some interesting applications of the Serre functor wx ®

(—)[n] on D*(X) in Section §8. For this, we need concept of local Hom complex, and
spectral sequences to be explained in the next two sections.

5. SPECTRAL SEQUENCE

5.1. What is it? In this subsection, we explain how spectral sequence occur when
we compose two derived functors. Let A be an abelian category.

Definition 5.1.1. A spectral sequence in A is given by a collection of objects
(EP9E™), n,p,q,r €Z, r>1
and morphisms
dgr),q . Ef,q - E£+T,qfr+1
satisfying that the following conditions.

(i) detrartlodpt =0, for all p, ¢, r. This yields a complex EP*era=*"+ forall r > 1.
(ii) There are isomorphisms

P9 ~ 0/ pter,g—er+e
Er+1 =H (ET ) ’

which are part of the data.
(iii) For any (p, ¢), there is an rq such that d?4 = ¢2="4*"~1 = 0, for all r > ry. In
particular, E?7 = EP, for all r > 7. This object is denoted by EZ:%.
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(iv) There is a decreasing filtration
C FPY'E" C FPE" C FPT'E" C -+ C FOE" := E"

such that (| FPE® =0and |J FPE" = E", and isomorphisms
pEZL pEZ

EP4 o FpEp+q/Fp+1Ep+q.
Remark 5.1.2. If E%? = 0, for all p, ¢, then E?*? = 0. This follows from property (iv).

Let us try to visualize a spectral sequence. In page £, we have the following data.

E{;—Z,q—i-l E%:—l,q—o—l E{),q—i—l E{H—l,q—i—l

E{)—Zq E{J—Lq Ef’q E{)H,q

Ef*qul E{Fl,q*l Ef,qfl E{%l,qfl

In page E», we have the following data.

p—2,q+1 p—1,q+1 p,q+1 p+1,q+1
E5 E E £

P—2,9 P— 1 'q p q p+1,q
E5 E E5 Ly

X

In some sense, the condition (iv) says that the objects £2»? converges towards a sub-
quotient of certain filtration of E". Usually objects of one layer, say £? with r fixed,
are given, and objects of the next layer can be obtained using (ii). It is enough to give
objects EP'? with r > m, for some m; the information is just the same. We express the
spectral sequence by writing

p—2,q—1 P— 1q 1 p,q—1
E? E? E?

EP9 —s EPYY
In most of the applications, only E?¢ are given for r > 2, and in most of the cases,
we don’t need to go beyond page E» or Es.
Definition 5.1.3. A double complex K** is given by the following data: for each pair
of integers (4, j), an object K/ € A and morphisms
dy : K — K™Y and dj : KW — KW
such that
d% = dfvl = d]d[[ + d[[d] = 0.
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JimLi-1 dii—1 Jithi=1
Kifl,jfl I Ki,jfl 1 Ki+1,j71 1_)_
i—1,j—1 i,j—1 i+1,5—1
dry dry dry
A B 2% ) did dithi
Kl_lnj ! K%] ! K’L—’_lv] ﬁl o e
i—1,5 i,J i+1,5
dry dry drg
i—1,5+1 Jidt1 PARTES!
Ki—lj+1 ! i+l ! KL+ !t ..

i—1,5+1 i,j+1 i+1,54+1
dII dII dII

The associated total complex K* := tot(K**) is defined by K" := @ K% with
i+j=n
differentials d = d; + d;;.

The total complex K* = tot(K**) admits a natural decreasing filtration { F*K"},
given by

(5.1.4) F'K™ = P K",

gt

which satisfies d;(F*K™) C FK™!, for all n. Due to symmetry of the situation, there
is another such natural filtration.

Example 5.1.5. The complex Hom*(A*, B*) is an example of a total complex of the
double complex K7 := Hom(A™*, BY) together with the differentials d; = (—1)’"""'d,
and d;; = dp (there are different sign conventions in the literature; however one can
choose one sign convention, and final conclusion would be the same).

Definition 5.1.6. A filtered complex is a complex K* together with a decreasing filtra-
tion

. CF'K"Cc F"'K"c...c F°K":= K", Vn,

such that d"(F*K™) C FC K™, for all n.
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Kt K" Kt
SR A
FYE) FYEK™) PR — ...

Fel (Kn—l) Fe1 (Kn)
Consider the filtrations { F*K"}, of the total complex K* = tot(K**) in (5.1.4). The
associated graded objects
grf(K™) := FY(K")/F™H(K™) = Kn %

forms a complex K **[—/] (up to a global sign (—1)*). Hence H*(gr(K*)) = H**(K**),
for all ¢, and the cohomology of the complex H}(K**) := (H"(K*7))..,, with respect
to dys, gives Hi (HEC(K**)).

Assuming the following finiteness condition: for each n, there is /., (n) and ¢_(n)
such that F'K" = 0, forall ¢ > ¢, (n) and F'K" = K", for all / < ¢_(n), one can

show that any filtered complex gives rise to a spectral sequence. In case of double
complex, we have the following.

F€+1(Kn+1) ...

JEL

Proposition 5.1.7. Let K** be a double complex such that for any n, K»=%¢ = 0, for
|¢| > 0. Then there is a spectral sequence

ERT = HE HIK®®) = HPT(K®).
Definition 5.1.8. Let A* € K*(A). A Cartan-Eilenberg resolution of A® is a double

complex C** together with a morphism of complexes A* — C** such that

(i) C*% =0, forj <0,
(ii) the sequences A" — C™? — C™! — ... are injective resolutions of A", and the
induced sequences

Ker(d?) — Ker(d}°) — Ker(dp') — - --
Im(d}) — Im(d}”) — Im(d}!) — -+
H"(A%) — HH(C*) = HP(C*Y) — - -
are injective resolutions of Ker(d" ), Im(d’;) and H"(A®), respectively, and
(iii) any short exact sequences of the form
0 — Ker(dy’) — C™ — Im(d}’) — 0
split.

Proposition 5.1.9. If A has enough injectives, then any A* € K*(A) admits a Cartan-
Eilenberg resolution.
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Theorem 5.1.10 (Grothendieck spectral sequence). Let A, B and C be abelian categories.
Let Fy : KT(A) — KT(B)and F, : KT (B) — K(C) be exact functors. Suppose that
A and B contains enough injectives, and for any complex 1° € K (.A) of injective objects
from A, its image Fy(I*) is inside an Fy-adapted triangulated subcategory Kp,. Then for
any complex A* € D*(A), there is a spectral sequence

(5.1.11) BP9 = RPEy(RIE, (A®)) = EPT1 .= RPT(Fy 0 Fy)(A*).
2

Proof. Note that, if F; = Id, then for a left exact functor ' : K+(A) — KT (B), the
above spectral sequence reads

(5.1.12) BP9 = RPF(HY(A%)) = BP9 .= RPHEF(A*).

It follows from construction of derived functors that, given A* € D*(.A) isomorphic
to a complex I* € Kt (Zp, ), we have RF|(A®) = F(I*) and

(5.1.13) RPE,(RIF,(A%)) = RPEy(HU(F,(I%))).

Since

R"(Fyo F1)(A®) = H"(R(Fyo F1)(1*)) = H"(RFy(RF(A%))
(5.1.14) =H'(REy(Fi(I%))) = R'F>(Fi(17))

using (5.1.13), the general case (5.1.11) follows from the special case (5.1.12) above.

Therefore, it suffices to prove the result with F; = Id and F' := F5. For this we need
an appropriate double complex, which is provided by a Cartan-Eilenberg resolution
of A*. Let C** be a Cartan-Eilenberg resolution of A*, and set K** := F(C**). Since
F is additive, it preserve direct sums, and since C*7 = Ker(d%’) @ Im(d}’), we have
HI(K*P) = FHI(C*P). Fixing ¢, and allowing p to vary, we see that #}(C*?) defines
an injective resolution of H?(K*?) = H4(A®). Then we have

1HI(K®®) = RPF(H(A%)).

Now applying spectral sequence in Proposition 5.1.7 and using the fact that the nat-
ural morphism A* — tot(C**) is a quasi-isomorphism, we see that

HPT (ot (K*®)) = HPTI(F (tot(C**)))
= HPTY(RF(A®))
= RPTIF(A®).
This completes the proof. O

Corollary 5.1.15. Let F' : K*(A) — K (B) be an exact functor admitting a right derived
functor RF' : D*(A) — D*(B).
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(i) If RF(A) € DYB), forall A € A, then RF(A®*) € D*(B), for all A* € D*(A), and
hence RF induces a functor

RF : D*(A) — D"(B).
(ii) Suppose that A has enough injectives. If C C B is a thick subcategory with R'F(A) €

C, forall A € A, and that there is an integer n such that R'F(A) = 0, forall A € A.
Then the image of RF lands inside D (B); i.e.,

RF : D™ (A) — D} (B).

6. DERIVED FUNCTORS IN ALGEBRAIC GEOMETRY

6.1. Cohomology. Let X be a noetherian scheme defined over a field k. Then the
global section functor

(6.1.1) I QCoh(X) —> Vect(k), E— T(X,E)

is left exact. Since Q€oh(X) has enough injectives, the right derived functor (exact)
(6.1.2) RT : DT(Q€oh(X)) — DT (Vect(k))

of I exists, and we define

(6.1.3) H'(X,E*) := RT(E*) := H'(R['(E®)), ¥V E* € D" (Q¢oh(X)).

Classically, this is known as the hypercohomology of E*, and is denoted by H'(X, E*).
For £ € Q¢oh(X), the above definition (6.1.3) gives the usual i-th cohomology
H'(X,E) of E, for all i > 0. Since any complex of k-vector spaces splits, we have
an isomorphism (in Dt (Vect(k)))

(6.1.4) RT(E*) = @ H'(X,E*)[-i], V E*€ D*(Qoh(X)).

Since for any £ € Q€oh(X), by Grothendieck’s theorem H'(X,FE) = 0, for all
i > dim(X) (see [Har77]), applying the Grothendieck spectral sequence
EY® .= RPT(HY(E®)) = RPTT(E"),
one can deduce that RI restrict to a functor
(6.1.5) RT : D*(Q€oh(X)) — D*(Vect(k))

(Hint: If EP9 = 0, for all p,q, then it follows from property (iv) of the spectral sequence
that EP*? = 0; c.f., Corollary 5.1.15). The above functor (6.1.5) is exact because RI in
(6.1.2) is exact.

Next, we want to induce our derived functor RI at the level of D*(X). Let Vect 14(k)
be the full subcategory of Vect(k), whose objects are finite dimensional k-vector
spaces. If X is a proper k-scheme, by a theorem of Serre [Har77], for any E € €oh(X)
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we have H' (X, E) € Vect ;4(k). Since the category €oh(X) doesn’t have enough injec-
tives, we cannot directly get the right derived functor RI : D*(X) — D®(Vect s4(k))
of the left exact functor I' : €oh(X) — Vectsq(k). Nevertheless, we can construct the
right derived functor, in this case, as the composition of the exact functors

(6.1.6) D(X) — D*(Q¢oh(X)) 255 DP(Vect(k)).

Clearly, the image of the above composite functor lands inside D*(Vect ;4(k)).

6.2. Derived direct image. Let f : X — Y be a morphism of noetherian schemes.
Then the direct image functor

(6.2.1) fe 1 QCoh(X) — QCoh(Y), E— f.E
is left exact. Since Q€oh(X) has enough injectives, the right derived functor
(6.2.2) Rf.: DT(QCoh(X)) — DT (QCoh(X))

of f. exists. In particular, R'f.(E®) := H'(Rf.(E*®)) € QCoh(X), for all i. Thus,
R'f.E € Q€oh(X), for all £ € QCoh(X). Since R'f.(F) = 0 for all i > dim(X)
[Har77], by Corollary 5.1.15 (a) the functor Rf. restricts to an exact functor

(6.2.3) Rf, : D*(QCoh(X)) — D’(Qcoh(Y)).

Next, we want to get our derived functor Rf, at the level of D’(X). Recall that,
Coh(X) is a thick full subcategory of Q€oh(X), and the inclusion functor €oh(X) —
QCoh(X) induces a natural fully faithful exact functor

(6.2.4) Db(X) — DP(Q¢oh(X)),
which gives an equivalence of categories
(6.2.5) D’(X) — Dgyy(x)(Q€0h(X)),

where Dg, ) (Q€oh (X)) is the triangulated full subcategory of D*(Q€oh(X)), whose
objects are bounded complexes of quasi-coherent sheaves of O x-modules on X with
coherent cohomology sheaves.

Proposition 6.2.6. If f : X — Y is a proper morphism of noetherian k-schemes, then
the right derived functor Rf, : D*(Q€oh(X)) — D*(QCoh(Y))) restricts to give an exact
functor

(6.2.7) Rf.: D"(X) — D"(Y).

Proof. Since f is proper, for any E € €oh(X ), we have R'f.FE € €oh(Y), for all i. Then
by Corollary 5.1.15 (b), the image of the composite functor

(6.2.8) DY(X) — DP(9¢oh(X)) 2L DE(Qeoh(Y)).
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lands inside D, (v)(LQ€0oh(Y)). Then choosing a quasi-inverse
Dgapyvy(Q€0h(Y)) — D*(Y)
of the exact equivalence in (6.2.5), which is exact, we get the desired functor (6.2.7).

This completes the proof. O

Proposition 6.2.9. Let f : X — Y and g : Y — Z be morphisms of noetherian k-
schemes. The natural isomorphism of functors (g o f). = g. o f. give rise to a natural
isomorphism of the corresponding derived functors

(6.2.10) R(go f). = Rg. o Rf.: D’(Q¢oh(X)) — D*(Q¢oh(2)).

Proof. Recall that, an object £ € Q€oh(X) is called flabby if the restriction morphism
E(X) — E(U) is surjective, for any open subset U of X. Note that, any injective
Ox-module is flabby. Moreover, if £ € Q€oh(X) is flabby, then for any morphism of
noetherian k-schemes f : X — Y, we have R'f,(F) = 0, for all i > 0. Furthermore,
f«(F) is flabby whenever E is flabby.

Let Z C 0Q¢oh(X) be the full subcategory of injective Ox-modules. Then 7 is
f«-adapted (c.f., Remark 3.1.14) and f.(Z) is contained in the g.-adapted full subcat-
egory of all flabby Oy-modules. Hence the result follows. O

We can apply Grothendieck’s spectral sequence to get what is known as Leray
spectral sequence

(6.2.11) EP? = RPg,(RUf,.(E®)) = R""(g o f).(E*).
Taking Y — Spec(k) to be the structure morphism, we see that
(6.2.12) RT(Y,—)o Rf, = RI'(X, —).

Then the above Leray spectral sequence gives its classical version
(6.2.13) ER?:= RPg, HY(E®) = RP™g,(E").

Even more specially, for f : X =Y — Spec(k), we get the following Leray spectral
sequence

(6.2.14) EPY = HP(X, HI(E®)) = H""(X, E®).

All of these are very useful computational tools in real life examples.

6.3. Local Hom® complex. Let X be a noetherian scheme. For F € Q€oh(X), the
functor

(6.3.1) Hom(E, —) : Q€oh(X) —s QCoh(X), F s Hom(E,F),
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is left exact. Moreover, Hom(E, F') € Coh(X) if both E, F' are coherent. Since Q€oh(X)
has enough injectives (c.f., [Har77, Chapter III, Exercise 3.6]), its right derived func-
tor

(6.3.2) RHom(E,—) : D" (QC€oh(X)) — DT (QCoh(X))
exists. Then for any E, F' € QC€oh(X) and any integer i, we define
(6.3.3) Ext'(E,F) := R Hom(E, F) := H'(RHom(E, F)) € Q€oh(X).

If £ € €oh(X), the above definition is local in the sense that its stalk at z € X can be
computed as

(6.3.4) &t'(E, F), = Bxty, (B, F,),
which follows from commutativity of the following diagram.

Hom(E,—)

Q¢oh(X) OCoh(X)
(6.3.5) l L
Mod(Ox.) — 7 \od(Ox.).

Note that, &t'(E, F) € €oh(X) whenever both E, F € €oh(X).
When E € €oh(X), the functor (6.3.2) restricts to the bounded below derived cat-
egory of coherent sheaves

(6.3.6) RHom(E,—) : D*(X) — D*(X).

Since for a non-regular local ring A, the groups Ext’, (M, —) can be non-trivial even
for i > 0, only for non-singular schemes X, the above functor R Hom(E, —) restricts
to D’(X), the bounded derived category of coherent sheaves on X.

As discussed before, the above construction easily generalizes for bounded above
complexes of coherent sheaves £* € D~ (X). For this, we note that the following
functor is exact.

Hom*(E*,—) : KT(Q€oh(X)) — K (Q€oh(X))
given by sending a complex F'* € K+ (QCoh(X)) to the complex Hom®(E*®, F'*), where
Hom'(E®, F*) := | [ Hom(E?, F™*7)
PEZL

and the differentials are given by d' = dge — (—1)'dp., for all i € Z. The following
lemma follows form corresponding local statement for modules over a ring.

Lemma 6.3.7. Let F* € D~ (X)) bea complex of injective sheaves. If F* or E* € KT (Q€oh(X))
is acyclic, then Hom®(E*, F'*) is acyclic.
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The above Lemma 6.3.7 applied to the class
Z:={I"€ K*(Q¢oh(X)) : I' is injective Ox-module}
shows that Z is adapted to the functor Hom®(E*, —) (see Remark 3.1.14), and hence,
the right derived functor
(6.3.8) RHom®*(E®,—) : DT (Q€oh(X)) — DT (QCoh(X))

exists. Note that, we are working with Q€oh(X), because Coh(X) has not enough
injectives. Similarly, to see that the functor

Hom®(—, F*) : D™ (QC€oh(X))® — DT (Q¢Cah(X))

descends to the derived category for any F* € D" (QC€oh(X)). Therefore, we get a
bifunctor

(6.3.9) RHom®*(—,—) : D™ (Q€oh(X))® x DT(QCoh(X)) — DT (QCoh(X)).
This enables us to define

(6.3.10) &xt'(E®, F*) := R' Hom®*(E*, F*) := H'(R Hom®(E*®, F*)) € QCoh(X), Vi.

Assume that X is a regular noetherian k-scheme. Although the category €oh(X)
has not enough injectives, for the purpose of computing local Ext’s (i.e., &t), locally
free coherent sheaves are good enough. More precisely, if E* € D’(X) is a bounded
complex of locally free coherent sheaves on X, then R Hom(E*, —) can be computed
as Hom(E*, —). This can be deduced from the corresponding local statement that, for
any bounded complex M* of free modules over a local ring A, R Hom(M*, —) can be
computed as Hom(A/*, —), which follows because free A-modules are projective.

Proposition 6.3.11. Let X be a non-singular noetherian k-scheme. Then any bounded com-
plex E* € D(X) is isomorphic to a bounded complex £* € D®(X) of locally free coherent
sheaves of O x-modules on X.

Proof. Since X is a noetherian non-singular k-scheme, €oh(X) has enough projec-
tives, meaning that any £ € €oh(X) admits a finite resolution

0= F - F1' ... 5 F 5 E—0,

with Fj a locally free coherent sheaves of Ox-modules on X. Moreover, one can
choose such a resolution of length ¢ < dim;(X'). Hence the result follows. O

6.4. Trace map. Let X be a regular noetherian k-scheme. Since any E* € D°(X) is
isomorphic to a bounded complex of locally free coherent sheaves of Ox-modules
£* in D°(X), we may assume that each E* is a locally free coherent sheaves of Ox-
modules. Then RHom(E®, E*) = Hom®(E®, E*). By definition, Hom°(E*, E*) =
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P Hom(E", E*). Then the usual trace morphism trg: : Hom(E*, E') — Oy for the
locally free sheaves E’ give rise to the trace morphism

(6.4.1) trge == EP(—1)"trp: : RHom(E®, E*) — Ox.

%

6.5. Derived dual. For E* € D~ (Q€oh(X)), we define its dual (or, more precisely, its
derived dual) to be the object

(6.5.1) E*Y := RHom(E*,Ox) € D*(Q¢oh(X)).
If £* is a bounded above complex of locally free coherent sheaves on X, then we can
compute its (derived) dual E*" as the bounded below complex
(652) cee —> ,H()m(EiJrl, Ox) — /H()m(El, Ox) — Hom(Ei*l, Ox) —
If X is regular noetherian k-scheme, then for any E* € D(X), its (derived) dual
E* := RHom(E*,Ox) € D*(X).

Note that, even for a coherent sheaf £/ on X, its derived dual

EY := RHom(E,Ox) € D°(Q¢oh(X))

need not be a sheaf on X. For example, if £ € Coh(X) is a coherent sheaf on a smooth
projective k-variety X with codimyx (Supp(E)) > d, then R Hom(E, Ox) is a complex
concentrated in degree > d. (Hint: Use Serre duality and [HL10, Proposition 1.1.6]).

We shall see later, using Grothendieck-Verdier duality (Theorem 6.9.1), that for

any smooth closed k-subvariety ¢ : Z — X of codimension c in a smooth k-variety
X, the derived dual of 1.0 can be computed as

(6.5.3) (L*OZ)V = (L*WZ ®Rox Hom(wy, @X)) [—c].

As an immediate consequence of this formula, we have the following. If D < X is
a divisor in X, then using the adjunction formula wp = (wx ® O X(D))‘ L, we have,
(L*OD>\/ = L*OD(D)[—l]

6.6. Derived tensor product. Let X be a projective k-scheme. Then any coherent
sheaf E € €oh(X) admits a resolution (not necessarily finite) by locally free coherent
sheaves of O x-modules

(6.6.1) £ > E.

If X is smooth, we can choose £° to be a bounded complex of length < dim(.X). Note
that, for any F' € €oh(X), the tensor product functor F' ® — : Coh(X) — Cobh(X) is
right exact. If E* is a bounded above acyclic complex (i.e., H'(E*) = 0, for all 7) of
locally free coherent sheaves of Oy-modules, then F' ® E* is also acyclic. Therefore,
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the full subcategory Vect(X) of locally free coherent sheaves on X is adapted to the
right exact functor F* ® —.

Consider a bounded above complex of coherent sheaves of Ox-modules E* €
K~ (Coh(X)). Define a functor

(6.6.2) E*® — : K (Coh(X)) — K~ (Coh(X))

by sending F* € K~ (Coh(X)) to the complex E* ® F*:

(6.6.3) (E°®@F*) = @ E' @ F, with d=dp @1+ (-1)'1 @ dp.
p+g=1i

So by definition, £*® F'* is the total complex of the double complex K** with K77 :=
EP® F1, and the two differentials are d; := dg®1 and dj; := (—1)?T91®dr. Therefore,
to get the left derived functor of £* ® —, we need to check that the full subcategory
Kom™ (Vect(X)) of bounded above complexes of locally free coherent sheaves of O -
modules is adopted to £* ® —. Since any coherent sheaf F' € Coh(X) admits a
surjective morphism F — F, with F locally free coherent sheaf of Ox-modules, it
remains to check that, for any acyclic complex F* € K~ (Coh(X)) with all F* locally
free, E* ® F* is acyclic. For this, we use the following spectral sequence

(6.6.4) BB = HOHTL(K*®) = EPY .= HPHI(E® ® F°).

Note that, for F* acyclic with all F* locally free, EP @ F* is acyclic, for all p. There-
fore, Hy(E? @ F*) = 0, for all p, and hence, Ef? = 0 for all p and ¢. Since EP? =
FPEPTe /FPHEPT and (FPEPT = 0, it follows that EP™? = 0. Hence E* ® F'* is

p
acyclic. Therefore, the left derived functor

(6.6.5) E*G—:D (X) —s D (X)

exists. Similarly, one can show that for a complex of locally free sheaves F'* and an
acyclic complex E*, the tensor product complex E* ® F* is acyclic. In other words,
the induced bifunctor

(6.6.6) K~ (€oh(X)) x D™ (X) — D™ (X)
need not be derived in the first factor, and descends to the bifunctor
L
(—®—): D7 (X)x D™ (X) — D~ (X)
on the derived categories.

Suppose that X is a smooth projective k-scheme. Then any E* € D°(X) is isomor-
phic to a bounded complex of locally free coherent sheaves of Ox-modules. There-
fore, for E*, F'* € D'(X), replacing them with isomorphic bounded complexes of
locally free coherent sheaves of Ox-modules, we can compute their (derived) tensor
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L
product E* @ F* as the ordinary tensor product E* ® F'* of complexes. This gives us
functorial isomorphisms

L L
E*@F*=F°*®FE* and
L L L L
E*Q(F*@G°) = (E*QF*)®G".
For any E°, F* € D*(X), we define
L

(6.6.7) TJor;(E®, F*) :=H " (E*® F*);
which can be computed using the following spectral sequence.
Proposition 6.6.8. There is a spectral sequence

EY? := Tor_,(HY(E®), F*) = EP*9 := Tor_(,q (E®, F*).

Remark 6.6.9. For the sake of simplicity, we only have explained how to get the left
derive functor of the tensor product functor in case X is a projective k-scheme. The
general case is also similar, but require more technical cares to construct it.

6.7. Defived pullback. Recall that, for any morphism of locally ringed spaces

6.7.1) f:(X,0x) — (Y.Oy),

the pullback functor

(6.7.2) 1 Mod(Oy) — Mod(Oyx)

is defined to be the composition of the exact functor

(6.7.3) f71 Mod(Oy) — Modx (f(Oy))
with the right exact functor

(6.7.4) Ox @10, (=) : Modx(f'Oy) — Mod(Ox).

L
Thus, f*isright exact. Let Ox® -1, (—) be the left derived functor of Ox ® -1, (—).
Since f~! is exact, we don’t need to derive it. Then we can define the left derived
functor of f* to be the composite functor

(6.7.5) Lf* = (Ox® 10y (=) 0 fL: D-(Y) — D~(X).

Note that, we have discussed how to get the left derived functor Ox <§L§ f-104(—) only
for the case X is a projective k-scheme. However, general case being similar but
little more technical in nature, we leave it to the reader to fill the gap. In most of
the applications, we work with f a flat morphism, in which case, we don’t need to
derive f* as it is already exact.

The following spectral sequence is useful to work with L f* in real life.
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Proposition 6.7.6. There is a spectral sequence
ELY = L7 f*(HU(E")) = EPY = [PV f(B7),
where L' f*(E®) :== HI(Lf*(E*)), foralli € Z.

6.8. Compatibilities. In this subsection, we quickly go through compatibilities among
various derived functors generalizing classical ones. We only sketch their proofs,
leaving the details to the readers.

(i) Let f : X — Y be a proper morphism of projective k-schemes. Then for
any E* € D*(X) and F* € D*(Y), we have a natural isomorphism (projection
formula)

6.8.1) Rf.(E*) & F* = Rf.(E*® LI*F*).

This follows from the following classical projection formula [Har77]: for a co-
herent sheaf of Ox-modules £ on X and a locally free coherent sheaf of Oy-
modules on Y, we have a natural isomorphism of Oy-modules

f(E®oy [TF) = fLE Qo, F.

(ii) Let f : X — Y be a morphism of projective k-schemes. Then for any E*, F'* €

D*(Y), there is a natural isomorphism

6.82) (LI E*) &(LIF*) = Li*(E* & F*).
Since Y is projective k-scheme (smoothness is not required!), we can replace E*
and F'* by bounded above complexes of locally free coherent sheaves of Oy-
modules on Y, and use them to compute their derived tensor product as the
usual tensor product of complexes. The resulting complex of locally free coher-
ent sheaves of Oy-modules is again bounded above, and so we can compute its
derived pullback as the ordinary pullback of complex of locally free sheaves.
Thus we obtain a bounded above complex of locally free coherent sheaves on
X. Now the above formula (6.8.2) can be deduced by using the classical pull-
back formula f*E ® f*F = f*(F ® F') for coherent sheaves.

(iii) Let f : X — Y be a projective morphism of noetherian schemes. Then we
have Lf* 4 Rf,; i.e., there is a functorial isomorphism

(6.8.3) Hom(Lf*E*, F*) —s Hom(E*, Rf.F*),

for all E* € D~ (QCoh(Y)) and F* € DT (QCoh(X)). To see this, replacing E°
with a bounded above complex of locally free sheave of Oy-modules quasi-
isomorphic to E°*, and F'* with a bounded below complex of injective Ox-
modules quasi-isomorphic to F'*, we can compute the corresponding derived
functors as the usual pullback (resp., push-forward) of complexes along f. Then
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the statement follows from the classical adjunction formula Hom(f*E, F') =
Hom(E, f.F) for coherent sheaves.

(iv) Assume that X is a smooth projective k-variety. Let E*, F'*, G* € D*(X) be the
bounded complexes of coherent sheaves on X. Then we have the following
natural isomorphisms.

(6.8.4) RHom(E*, F*)$G* = RHom(E*, F*&G*)

6.9. Grothendieck-Verdier duality. In this subsection, we state a deep duality theo-
rem known as Grothendieck-Verdier duality, and show its applications. We refer the
reader to [Con00] for its proof.

Theorem 6.9.1 (Grothendieck-Verdier duality). Let f : X — Y be a morphism of
smooth schemes over a field k of relative dimension dim(f) := dim(X) — dim(Y’). Let
(6.9.2) wr = wx @ frwy

be the relative dualizing sheaf of f. Then for any F* € D*(X) and E* € D*(Y), thereisaa

functorial isomorphism

(6.9.3) Rf.RHom(F*, Lf*(E*)&ws[dim(f)]) = RHom(Rf,F*, E*).

7. EXAMPLES OF SPECTRAL SEQUENCE

Here we give some useful examples of Grothendieck spectral sequences, which
will appear in next sections.

Example 7.0.1. Let A be an abelian category with enough injectives. Let A* € D(A)
and B* € D*(A). Take F; = Id so that R?F;(B*) = H%(B*), and take F, = Hom®(A*, —).
Then we have,
RPF,(RF1(B*) = RP Hom*(A®, H?(B*)) = Ext’(A*, HY(B"*)),
and
RPY(Fy 0 Fy)(B®) = RPT"Hom*(A®, B*) = Ext’*(A*, B®).

Since Ext’*9(A®, B*) = Hom(A®, B*[p+q]) and Ext’(A®, H?(B*)) = Hom(A®, HY(B*)[p]),
by Theorem 5.1.10, we have a spectral sequence
(7.0.2) EY?:= Hom(A®*, H%(B*)[p]) = Hom(A*, B*[p + q]).

Similarly, if A has enough projectives so that we can compute R Hom*(A*, B*) for

A* € D™ (A) as the right derived functor of the contravariant functor Hom*(—, B*) :
K~ (A)°®® — K(ADb), we have the spectral sequence

(7.0.3) EP .= Hom(H %(A*), B*[p]) = Hom(A®, B*[p + q]) .



Page 54 of 126 Notes on derived category

If B* € D*(A) is bounded below, and A has enough injectives, but may not have
enough projectives, then also we have this spectral sequence.

Remark 7.0.4. It should be noted that, a spectral sequence E5? = EP*9 given at page
E> does not imply that the term E%? lies in page E».

Example 7.0.5. Let X be a noetherian scheme so that Q€oh(.X) has enough injectives.
Then for any E*, F* € D*(X), we have the following spectral sequences

(7.0.6) EPY = Ext?(E®, H(F*)) = Ext’™(E*, F*),
and
(7.0.7) EP = Ext?(HU(E*), F*) = Ext’t4(E*, F*),

Remark 7.0.8. If X is a projective k-variety, dim, H'(X,FE) < oo for any coherent
sheaf E on X. Using this, one can deduce that dim; Ext'(E, F) < oo, for any E, I €
Coh(X). Then using the spectral sequences (7.0.6) and (7.0.7) one can show that
Ext'(E*, F*) has finite dimension, for all £*, F* € D*(X).

Example 7.0.9. Let E* € D (X). Then by definition of local Hom complex, we
have I o Hom®*(E*®, —) = Hom*(E*®, —). Since for a complex [* of injective sheaves
of Ox-modules, the complex Hom®(E*, I*) is ['-acyclic (meaning that, Ext'(E*®, [*) =
R'T(Hom®*(E*,I*)) = 0 for all i # 0, which indeed holds), we have

RI'o RHom®*(E®, —) = RHom®(E*, —).
Therefore, applying Theorem 5.1.10 we have the following spectral sequence relating
local and global Ext:

(7.0.10) EPT .= HP(X, ExtI(E*, F*)) = Ext’T4(E*, F*).
8. BONDAL-ORLOV’S RECONSTRUCTION THEOREM

8.1. What is it? A famous theorem of Gabriel says that two k-varieties X and Y are
isomorphic if and only if there is an equivalence of categories Coh(X) with €oh(Y).
In [Muk81], Mukai established an equivalence D*(A) ~ D’(A), where A is an abelian
variety and A its dual abelian variety. Therefore, equivalence between bounded de-
rived category of coherent sheaves fails to ensure isomorphism of varieties, in gen-
eral. In their famous paper [BOO01], Bondal and Orlov shows how to reconstruct a
smooth projective variety X from D°(X) when wx or its dual is ample (see Theorem
8.1.1). More precisely,

Theorem 8.1.1 (Bondal-Orlov). Let X be a smooth projective variety over k with canonical
line bundle wx. Assume that wy (resp., wy,) is ample. Let Y be any smooth projective variety
over k. If there is an exact equivalence F : D*(X) — D*(Y), then X =Y as k-varieties.
In particular, wy (resp., wy.) is ample.
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The main idea behind the proof is to “cohomologically” characterize closed points,
invertible sheaves and Zariski topology of a smooth projective k-variety. For this we
need “Serre functor” as defined in Definition 4.1.1. Note that, both D°(X) and D*(Y)
admits Serre functors Sx := (wx ® —)[dimg(X)] and Sy = (wy ® —)[dim(Y)], respec-
tively. As a first step towards this theorem, we now establish equality of dimensions
of X and Y.

8.2. Equality of dimensions. Let k be a field. A k—variety is an integral separated
finite type k-scheme. For any smooth projective k-variety X, we define D*(X) :=
Db(€oh(X)). A rank one invertible sheaf L on X is said to have finite order if L" = Ox
for some integer r > 0. The smallest positive integer r such that L” = Oy is called
the order of L. If L" 2 Ox , Vr > 0, we say that L has infinite order. For any = € X,
let k(z) := Ox,/m, be the residue field at x. For any closed point z € X, we can
consider k(x) as a coherent sheaf on X supported at = by taking its push-forward
along the closed embedding ¢, : Spec(k(z)) — X. This is the skyscraper sheaf
supported at x given by

k(x), ifz e U,and
0, otherwise.

Ko = {

Proposition 8.2.1. Let X and Y be smooth projective varieties over k. If there is an exact
equivalence D*(X) — D*(Y') of bounded derived categories, then dimy(X) = dim(Y).
In this case, both wx and wy have the same order (can be infinity too).

Proof. Since both X and Y are smooth projective k-varieties, by Theorem 4.2.2, they
admit natural Serre functors Sx := (wx ® —)[dimg(X)] and Sy = (wy ® —)[dimg(Y)],
respectively. By Lemma 4.1.7, any k-linear equivalence F' : D*(X) — D’(Y) com-
mutes with Serre functors Sx and Sy (i.e., there is a natural isomorphism of functors
FoSx = SyoF).

For a closed point z € X, we have k(z) = k(x) ® wxy = Sx(k(z))[— dim(X)]. So,

= F(Sx(k(z)))[— dimk(X)], since F' is exact.
(8.2.2) = Sy (F(k(z)))[— dimg(X)], since F'oSx = Sy o F.

Since F' is an equivalence of categories, F'(k(z)) is a non-trivial bounded complex.
Let i be the maximal (resp., minimal) integer such that #‘(F(k(z))) # 0. Now from
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(8.2.2) we have
0 # H'(F(k(2))) = H'(F(k(z)) ® wy[dimy,(Y) — dimg (X)])
~ Hi-&-dimk(Y)—dimk(X) (F(k(l’)) ® wy)

(8.2.3) o it dime (V) =dime(X) (B (1)) @ wy .
Since wy is a line bundle, (8.2.3) contradicts maximality (resp., minimality) of i when-
ever dimy(X) < dim(Y) (resp., dimy(X) > dimy(Y')). Therefore, dimy(X) = dim(Y).

To see that both wx and wy have the same order, assume that w5 = Oy. Let
n = dlmk(X) = dlmk(Y) Note that, S}%[—k;n] = IdDb(X). Since F' o SX = Sy 9) F,
choosing a quasi-inverse of the equivalence F', we have

F~'oS§[—kn]o F = S%[—kn] = Id s x)

Applying Oy to the above isomorphism of functors, we get w} = Oy.. O
Remark 8.2.4. In the proof of above Proposition, to show both wx and wy have the

same order, under the assumption that dim(X) = dim(}Y’), we don’t need F to be
exact.

8.3. Point like objects.

Definition 8.3.1. A graded category is a pair (D, Tp) consisting of a category D and
an equivalence functor 7p : D — D, known as shift functor. A functor F' : D — D’
between graded categories is called graded if there is an isomorphism of functors
FoTp =+ TpoF.

Example 8.3.2. Any triangulated category is a graded category, and any morphism
between two triangulated categories is a graded morphism.

Definition 8.3.3. Let D be a k-linear triangulated category with Serre functor S. An
object P € D is said to be point like of codimension s if

(i) S(P) = Pl[s],
(i) Hom(P, PJi]) = 0, for i < 0, and
(iii) £(P) := Hom(P, P) is a field.

An object E of an additive category is called simple if Hom(E, E) is a field.
Example 8.3.4. Let X be a smooth projective k-variety of dimension n.

(i) For any closed point x € X, we have Sx(k(z)) = (k(z) ® wx)[n] = k(z)[n].
Therefore, k(x) € D°(X) is a point like object of codimension d.
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(ii) Let wx = Ox (for example when X is an abelian variety or a K3 surface). Then
any simple object £ € €oh(X) defines a point like object of codimension n in
Db(X).

Proposition 8.3.5. Let A be an abelian category, and A* € D°(A). Let
it = max{i: H'(A*) #0} and i~ = min{i: H'(A®) # 0}.
Then in D°(A), there are morphisms ¢ : A* — H' (A*)[—it]and ¢ : H (A®*)[—i"] — A*
such that H'" (¢) = Idy it (goy and H' (¥) = Idyi= 4ey.-
Proof. There is a natural quasi-isomorphism of complexes

A = AT Ker(d') 0

. T

it
A° - R TA Y- AL

Since the natural morphism of complexes A* — H"(A*)[—i*] induces identity
morphism at i"-th cohomology, the first part follows. The second part is similar. [J

Corollary 8.3.6. With the above notations, for any B € A, we have the following natural
isomorphisms

(i) Homps(4)(H'" (A®), B) = Homps4)(A®, B[—i"]), and

(i) Hompu(4)(B, "' (A®)) = Homps4)(B[—i7], A*).

Proof. Send f € Hom A)(H”(A'), B) to f[—i*] and use above Proposition 8.3.5. To
get the inverse map, send any ¢ € Hompu(4)(A°, B[i*]) to Hi" (¢)[—iT]. The second
part is similar. O

Exercise 8.3.7. Let A* € D(A) with H(A®*) = 0, for all i < m. Then there is a
distinguished triangle
H™(A%)[—m] — A* 25 B® — H™(A*)[1 —m]
in the derived category D(A) such that
i ey~ | H(A®) ifi <m, and
H(B)—{ 0, if i > m.

Remark 8.3.8. Let X be a smooth projective k-variety of dimension d. Then any
point like object P € D?(X) has codimension d. This follows from assumption (i) in
the Definition 8.3.3, because looking at minimal ¢ with non-zero cohomologies, the
isomorphism P ® wx|[d] = P[s| implies

(8.3.9) H'(P) @ wx[d] = H'(P)[s].

This forces d = s.
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Lemma 8.3.10. Let M be a finitely generated non-zero module over a noetherian ring A.
Then there is a finite chain of A-submodules

0=MyCM C--- CM,=M

such that M;/M,;_ 1 = A/p; (as A-modules), for some p; € Supp(M).

Proof. Denote by Ass(M ) the set of all associated primes of M. Recall that, Ass(M) C
Supp(M) for any finitely generated A-module M. Since M # 0, we can choose a
p1 € Ass(M) to get an A-submodule

M :=image(A/p; — M) C M.

If My # M, we do the same for M /M, to choose a po € Ass(M/M;) and apply the
same to obtain a sequence M; C M, C M with My/M; = A/p,. Since (M /M)y, #
0, we see that p, € Supp(M). Since M is finitely generated, the result follows by
induction. O

Corollary 8.3.11. With the above notation, if Supp(M) = {m}, for some maximal ideal
m of A, there is a surjective (resp., injective) A-module homomorphism M — A/m (resp.,
A/m — M).

Proof. Since Ass(M) = {m}, the result follows from the above Lemma 8.3.10. O

Definition 8.3.12. Support of a complex E* € D(X) is the union of the supports of
its cohomologies. In other words, Supp(£*) is the closed subset of X defined by

Supp(E*) := U Supp(H'(E®)) .

Lemma 8.3.13. Let £* € D’(X) with Supp(E®) = Z; U Z, for some disjoint closed
subsets Zy and Z, in X. Then E* = E} @ E3, for some non-zero objects E3 € D*(X) with
Supp(E}) C Zj, forall j = 1,2.

Proof. This is clear for any £ € €oh(X), and hence the result follows for E* = E[n| €
D*(X), for E € €oh(X) and n € Z. Let

ite :=max{i € Z: H'(E*) #0} and ig. :=min{i € Z: H'(E®) # 0};

and we drop the subscript £* when there is no confusion likely to arise. The length
of an object E* € D(X) is the difference i™ — i~. For general case, we use induction
on the length of a complex.

Let E* € D(X) be a complex of length at least 2. Let m = i., and write H :=
H™(E*®). The sheaf H can be decomposed as H = H; € Ho, with Supp(H;) C Z;, for
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j = 1,2. By Proposition 8.3.5, we have a natural morphism #[—m] - E* inducing
identity morphism on the m-th cohomology; complete it to a distinguished triangle

H[-m] -5 E* — F* .= C(p) — H[l —m)].
Then from long exact sequence of cohomologies we have
iimen | HUE®), ifi>m, and
H(F)_{ 0, if i <m;

(c.f. Exercise 8.3.7). Since the length of F'* is less than the length of E*, induction
hypothesis applied to F'* gives a decomposition F** = F @ Fy with Supp(H*(F})) C
Z;, forall j = 1,2, and i € Z. Since H™(Fy) and #, are coherent sheaves of Ox-
modules with disjoint supports, we have

Hom po(x)(H™I(FY), Halp]) = Ext"(HI(FY),H2) =0, Vp € Z,

which can be verified locally. Then Hom(F}, H3[1—m]) = 0 follows from the spectral
sequence

EYY .= Hom(H 9(F}), Ha[p]) = E"*? := Hom(F}, Halp + q));

c.f., Example 7.0.1. Similarly, we have Hom(Fy, H;[1 — m]) = 0. Choose a complex
E% to complete a distinguished triangle

B — F? — H[l —m] — E[1], Vj=1,2,

we have a decomposition £* = E} P E3. Since Supp(F}) C Zj, it follows that
Supp(E$) C Zj, forall j = 1,2. O

Lemma 8.3.14. Let E* be a simple object in D*(X) with zero dimensional support. If
Hom(E*, E*[i]) = 0 forall i < 0, then E* = k(x)[m] for some closed point x € X
and integer m.

Proof. Since E* is supported in dimension zero, Supp(E) is a finite subset of closed
points in X. If Supp(£) is not a singleton set, then it has disjoint components. Then
in D’(X), we have an isomorphism E* = E} @ E3, with ES # 0, Vi = 1,2, which
contradicts simplicity of E°. Therefore, Supp(E£*®) is a closed point, say = € X. Let
it = max{i : H(E*) # 0} and i~ := min{j : H/(E*) # 0}. Since both H" (E*)
and H' (E*) have support {z}, they are given by finite modules over the noetherian
local ring Oy, supported at m,. Then applying Corollary 8.3.11, we get a non-trivial
Ox ,-module homomorphism ¢ : H!" (E*) — H' (E*) given by the composition

HI'(E®*) — k(z) == Ox,/m,—=H' (E*).

Now it follows from Proposition 8.3.5 that the following composite morphism is
non-trivial.
Ee[it] — H(B*) -5 W (E*) — E°[i7].
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Since Hom(E*, E*[i]) = 0 for all : < 0, we must have i~ — it > 0. Hence, i~ =
it =: m (say). Therefore, E* = E[m], for some E € €oh(X) with Supp(E) = {z}.
Since Hom(E[m|, E[m]) = Hom(E, E), so E is simple. Then the natural surjective
homomorphism £ — k(x) must be isomorphism. Therefore, E* = k(z)[m]. O

Proposition 8.3.15 (Bondal-Orlov). Let X be a smooth projective k-variety with wy or wy
ample. Then any point like object in D°(X) is isomorphic to an object of the form k(x)[m],
for some closed point x € X and some integer m.

Remark 8.3.16. Above result fails if neither wy nor wy is ample; c.f. Example 8.3.4.

Proof. Note that X is projective because there is an ample line bundle on X. Clearly
for any closed point 2 € X and any integer m, the shifted skyscraper sheaf k(x)[m| €
D*(X) is a point like object of codimension d = dim(X) (c.f., Example 8.3.4).

To see the converse, let P € D’(X) be a point like object of codimension n. It
follows from P ® wx[d] = P[n] that n = d (c.f., Remark 8.3.8). Then we have,
(8.3.17) H(P)@wx X H(P), Viel.
Suppose that wx is ample. Let
m +— Pgp(m) = x(F @ wy)

be the Hilbert polynomial of £ € €oh(X). Since deg(Pgr(m)) = dim(Supp(E)), taking
tensor product with wy makes difference only if dim(Supp(£)) > 0. Therefore, form
(8.3.17) we conclude that H'(P) is supported in dimension zero. Since P is simple,
the result follows from Lemma 8.3.14. The same argument applies for wy ample. O

8.4. Invertible objects. Now we realize line bundles on X as objects of D’(X).

Definition 8.4.1. Let D be a triangulated category together with a Serre functor 75 :
D — D. An object L € D is said to be invertible if for each point like object P € D,
there is an integer np (which also depends on L) such that

k(P), ifi=mnp,and

Homp(L, P[i]) = { 0 otherwise.

Next, we characterize invertible objects in D?(X). For this, we need the following
well-known result form commutative algebra.

Lemma 8.4.2. Let M be a finitely generated module over a noetherian local ring (A, m). If
Ext' (M, A/m) = 0, then M is free.

Proof. Let k = A/m. Then any k-basis of M /mM lifts to a minimal set of generators
for the A-module M by Nakayama lemma. Thus we get a short exact sequence of
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A-modules
0— N -5 A" 25 M — 0.

Note that, N = Ker(¢) is finitely generated, and ¢ induces a trivial homomorphism
7: N/mN — k". Since Ext' (M, k) = 0, the induced homomorphism

Hom(A", k) — Hom(N, k)

is surjective. Since Hom 4 (A", k) = Homy (k"™ k) and Homy4 (N, k) = Homy,(N/mN, k),
the homomorphism Homy(k", k) — Homy(/N/mN, k) induced by 7 is surjective.
Since ¢ = 0, this forces N/mN = 0. Then N = 0 by Nakayama lemma, and hence M
is a free A-module. O

Proposition 8.4.3 (Bondal-Orlov). Let X be a smooth projective k-variety. Any invertible
object in D*(X) is of the form L[m)], for some line bundle L on X and some integer m.
Conversely, if any point like object of D*(X) is of the form k(x)[¢], for some closed point x €
X and some integer (, then for any line bundle L on X and any integer m, Lm] € D*(X)
is invertible.

Remark 8.4.4. Note that, by Proposition 8.3.15 the condition in the converse part of
the above Proposition is satisfied when wx or wy is ample.

Proof of Proposition 8.4.3. Step 1. Let E* € D’(X) be an invertible object. Let m =
max{i € Z : H'(E*) # 0}. Then by Proposition 8.3.5, there is a morphism

E* — H™(E®)[—m)]
in D’(X) inducing identity morphism at m-th cohomology #™(E*). This gives
(8.4.5) Hom(H™(E®), k(zo)) = Hompe(x)(E*, k(zo)[—m]) ,

(c.f., Corollary 8.3.6). Fix a closed point zy € Supp(H™(E®)). Then by Lemma
8.3.10, there is an associated prime ideal p C m,, and a surjective homomorphism
H™(E®) — Oxa,/p, which gives a surjective homomorphism H™(E®) — k(xo).
Therefore, by (8.4.5), we have

0 # Hom i () (H™(E*), k(o)) = Homps ) (E*, k(o) [—m])

This forces ny(,,) = —m (c.f., Definition 8.4.1).
Step 2. We show that, Ext' (H™(E*), k(zo)) = 0.

Since ng(zy) = —m, it follows from the definition of invertible object E* € D*(X)
that

(8.4.6) Hom(E*, k(xo)[1 — m]) = Hom(E*, k(z0)[1 + Nk(zy)]) = 0.
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Consider the spectral sequence (see Example 7.0.5)
(8.4.7) EY? .= Hom(H™YU(E"®), k(xzo)[p]) = ExtP(H9(E®), k(o))
= EP* := Hom(E"*, k(xo)[p + q)).

Since H™ ™ (E*) = 0, we have
(8.4.8) E7™ " = Hom(H™ (E*®), k(x0)[3]) = 0.
Also
(8.4.9)  E;V ™ = Hom(H™ Y(E®), k(xo)[—1]) = Ext (L™ Y(E®), k(x0)) = 0.
Now using (8.4.8) and (8.4.9), and taking H° of the complex

0= gyt Ay plem 4o plemel gy

we see that By ™™ = E,”™; similarly, Eb~™ = E;~™, for all » > 2. The following
picture of page E; could be useful to understand the situation.

0 Eg,—m—l—l E21,—m+1 E22,—m+1 Eg,—m—i—l
0 Ey™™ Ey™™ Ey" Ey
This shows that,
(8.4.10) Ey " =EL™™
Since EL ™ is isomorphic to a subquotient of
(8.4.11) E'™ = Hom(E*, k(z0)[1 —m]) =0
(see, (8.4.6) and (8.4.7)), using (8.4.10) we conclude that E21 ™ = (. Therefore,
(8.4.12) Ext' (H™(E*), k(o)) =0, Yz € Supp(H™(E*)).

Step 3. We show that H™(E®) is a locally free O x-module.
For this, we consider the local-to-global spectral sequence (see Example 7.0.9)
(8.4.13) EPT .= HP(X, &t (H™(E®), k(x0))) = ExtPTY(H™(E®), k(x0)) ,

which allow us to pass from the global vanishing Ext'(H™(E*), k(z)) = 0 to the
local one &xt' (H™(E*), k(x0)) = 0.

Since &xt’(H™(E*), k(xo)) is a skyscraper sheaf supported at zy, it is flasque, and
hence is I'-acyclic. Then form (8.4.13), we have

(8.4.14) By = H*(X, &t (H™(E®), k(x0))) = 0.
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Again,
(8.4.15) Ey*? = H2(X, &xt?(H™(E®), k(z0))) = 0.
Since at page F»,, we have morphisms

0=E;>* 4 g0t 4y E20 —,
we have Ey' = H(--- = 0 — Ey' — 0 — ---) = Ey". Similar computations shows
that E0! = E"', for all » > 2. Hence we conclude that,
(8.4.16) Bt = HY(X, &t (H™(E®), k(x0))) = E%L.
Since E' = Ext'(H™(E*), k(zo)) = 0 by Step 2, we have EY' = E%! = 0. Since k()
is a skyscraper sheaf supported at z, we see that &t' (H™(E*), k(z)) is supported
over {z}, and hence is globally generated. Since

HO(X, Ext (H™(E®), k(zo)) = Ey*' =0,
we have &t (H™(E*), k(xo)) = 0. Since H™(E*®) € €oh(X), we have
(8.4.17) ExtéX’IO(Hm(E'), k(x0)) = Ext' (H™(E®), k(10))4, = 0.

The by Lemma 8.4.2, H™(E®),, is free Ox,,-module. Since freeness is an open
property, there is a non-empty open (dense) subset U of X containing z, such that
U C Supp(H™(E*)) and H™(E*®)|,, is a free Oy-module. Since X is irreducible,
H™(E*®) is locally free on X.

Step 4. We show that, H™(E*) is a line bundle on X.

U

Since Supp(H™(E*)) = X, there is a surjective homomorphism H"(E®) — k(x),
for each € X. Then following argument of Step 1, we have

(8.4.18) Hom(E*, k(z)[—m]) = Hom(H™(E®), k(z)) #0, Va € X.
Now it follows from Definition 8.4.1 of invertible objects that
(8.4.19) Nig(z) = —M, vV x e X.

If r is the rank of H™(E*), we have
k(x) = Hom(E*, k(x)[—m|) = Hom(H™(E*®), k(x))

(8.4.20) — Hom(OY',, k(x)) 2 k(x)®" .
Therefore, r = 1, and hence H™(E*) is a line bundle on X.
Step 5. We show that, H'(E*®) = 0, for all i < m.

From the spectral sequence in (8.4.7), we have

E$™™ = Hom(H™(E*), k(x)[q)
= Ext'(H™(E*®), k(x))

(8.4.21) ~ HYX, Hom(H™(E*),k(x))) =0, Vq>0,
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because Hom(H™(E*), k(z)) is a skyscraper sheaf supported on {z}, and hence is
I'-acyclic.

Suppose that ¢ < m. Then it follows from Definition 8.4.1 and (8.4.19) that
(8.4.22) E~'=Hom(E*, k(z)[-i]) =0, Vz € X.
Now to show H!(E*) = 0, it is enough to show that
(8.4.23) Ey ™" =Hom(H'(E*),k(z)) =0,Yz € X.
Since F~* = 0, if we can show that
(8.4.24) By~ = E%
then from the spectral sequence (8.4.7) we would get Ey~" = 0. We prove this by

induction on i.

Ifi = m— 1, then E;" = Ey™™ = 0 by (8.4.21). Since negative indexed Ext
groups between two coherent sheaves are zero, we have £, 27(m=2) — 0. Then
(8.4.24), for the case i = m — 1, follows from the complex

3 0= Ey D Ly pliem dop2em gy

Therefore, H™ ' (E*) = 0. Assume inductively that H'(E*) = 0, for all ¢ € Z, with
io < i < m— 1. Then putting m = i + 1 in (8.4.21) and using H***(E*) = 0, we have
E>7"~1 = (. Then (8.4.24) follows from the complex

4
s 0=Ey 0 ST S Er T =

This completes induction. Therefore, H'(E*®) = 0, V i < m, and hence for all i # m.

Step 6. Now we prove converse part of the Proposition 8.4.3. Suppose that any point
like object P € D*(X) is of the form k(z)[¢], for some closed point z € X and / € Z.
Let L be a line bundle on X, and m € Z. Then from Definition 8.4.1 we get

Hom(L[m], P[i]) = Hom(L, k(z)[¢ + i — m])
= Ext"™"(Ox, LY @ k(x))
(8.4.25) ~ g (X LY @ k(x))

which vanishes except for i = m — ¢. Then we set np := m — {. This completes the
proof. O

Remark 8.4.26. Let D be a (tensor) triangulated category admitting a Serre functor S.
If we naively define Picard group of D to be the set Pic(D) of all invertible objects in D,
then for a smooth projective k-variety X with wx orw} ample, we have Pic(D?(X)) =
Pic(X) x Z.
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8.5. Spanning class of D°(X).

Definition 8.5.1. A collection (2 of objects in a triangulated category D is called a
spanning class of D (or spans D) if for all B € D the following conditions hold.

(i) If Hom(A, B[i]) =0, VA € 2and all i € Z, then B = 0.
(ii) If Hom(B[i],A) =0, VA € 2and all i € Z, then B = 0.

Remark 8.5.2. If a triangulated category D admits a Serre functor, then the conditions
(i) and (ii) in the above Definition 8.5.1 are equivalent.

Proposition 8.5.3. Let X be a smooth projective k-variety. Then the objects of the form
k(z), with x € X a closed point, spans D°(X).

Proof. It is enough to show that, for any non-zero object E* € D’(X) there exists
closed points z;, 2 € X and integers i1, i» such that

Hom(E*, k(z1)[i1]) #0 and Hom(k(zz), E®[is]) # 0.

Since Hom(k(z2), E*[i2]) = Hom(E®, k(x2)[dim(X)—is])* by Serre duality, it is enough
to show that Hom(E*, k(x1)[i1]) # 0, for some closed point z € X and some i € Z.
Let m := max{i € Z : H'(E*) # 0}. Then Hom(E*, k(z)[—m]) = Hom(H™(E*), k(x))
by Corollary 8.3.6. Now choosing a closed point z in the support of H™(E*), we see
that Hom(E*, k(x)[—m]) # 0. This completes the proof. O

Remark 8.5.4. Spanning class in D’(X) is not unique. For a smooth projective k-
variety X, for a choice of an ample line bundle L on X, we shall see later that, {L®":
i € Z} forms a spanning class in D°(X).

8.6. Proof of the reconstruction theorem. Now we are in a position to prove the
reconstruction theorem of Bondal and Orlov in the light of the following well-known
results.

Proposition 8.6.1. [Sta20, Tag01PR] Let X be a quasi-compact scheme. Let L be an in-
vertible sheaf of Ox-modules on X. Consider the graded algebra S := @ H°(X, L"), and

i>0
its ideal Sy = @ H°(X, L"). For each homogeneous element s € H°(X, L"), for i > 0, let
>0
Xe:={zx € X : s, ¢ m,L.}. Then the following are equivalent.
(i) L is ample.
(ii) The collection of open sets X, with s € S, homogeneous, covers X, and the natural
morphism X — Proj(S) is an open immersion.
(iii) The collection of open sets X, with s € S, homogeneous, forms a basis for the Zariski
topology on X.


https://stacks.math.columbia.edu/tag/01PR

Page 66 of 126 Notes on derived category

Proposition 8.6.2. Let X be a smooth projective k-variety. Let L be a line bundle on X. If
L or LV is ample, then the natural morphism of k-schemes

X — Proj <€B H(X, L"))
is an isomorphism.

Theorem 8.1.1 (Bondal-Orlov). Let X be a smooth projective variety over k with canonical
line bundle wx. Assume that wy (resp., wy) is ample. Let Y be any smooth projective variety
over k. If there is an exact equivalence F : D*(X) — D(Y), then X =Y as k-varieties.
In particular, wy (resp., wy.) is ample.

Proof. Step 1. If F'(Ox) = Oy, and wy or wy- is ample, the theorem follows.

Indeed, assume that F'(Ox) = Oy. Since F is an exact equivalence of categories,
FoSxy 2 SyoF and dim(X) = dim(Y) = n (say), (see Proposition 8.2.1). Then we
have

(8.6.3) F(wy) = F(Sk(Ox))[=kn] = Sy (Oy)[=kn] = wy, V.
Since F' is fully faithful, we have
(8.6.4) H°(X,w%) = Hom(Oyx,wh) = Hom(Oy,wt) = H'(Y,wt), Y.

The product structure on the graded k-algebra @ H°(X,w%) can be expressed in
k
terms of following composition: for s; € H°(X, w’}g‘), 1 =1,2, we have
51 -89 =S¥ (s9)[—kin] 0 51 .

Note that, s; - 55 = 59 - 51 follows from the commutativity of the following diagram.

Ox - Wy
(8.6.5) j lsﬁ? (s2) k1]
k
wl)‘? SXQ(sl)[—kg'rL] w’;{}+k2

Similarly, we have product structure on @ H°(Y, w}). Therefore, F naturally induces
k

an isomorphism of graded k-algebras
(8.6.6) F:@PHE (X k) — @PH(Y, o),
k k

which induces isomorphism of k-schemes

(8.6.7) X = Proj(@P H (X, wk)) — Proj( P H (Y. w})) — Y,
k k

whenever wy or its dual wy is ample (c.f., Proposition 8.6.2). Therefore, it is enough
to show that F'(Ox) = Oy, and wy or wy is ample whenever wx or wy is ample.
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Step 2. We can assume that F/(Ox) = Oy.

Indeed, it follows from Definition 8.3.3 and Definition 8.4.1 that an exact equiva-
lence F : D*(X) — D’(X) induce bijections

{point like objects of D*(X)} ——

{point like objects of D*(Y)}

(8.6.8) (%)

{k(x)[m] : € Xgoseq and m € Z} {k(y)[m] : y € Yejosea and m € Z}

and

{invertible objects of D’(X)} f {invertible objects of D*(Y)}

(8.6.9) H [(**)
{LIm] : L € Pic(X) and m € Z} {M|m]: M € Pic(Y)and m € Z},

where X scq (resp., Yeosea) is the set of all closed points of X (resp., Y), and the
vertical inclusions and equalities are given by Proposition 8.3.15 and Proposition
8.4.3. Therefore, F'(Ox) = M[m], for some M € Pic(Y) and some m € Z.

If F(Ox) # Oy, replacing F with the following composite functor

F (MV©-)[-m]

(8.6.10) Db(X) —E= Db(Y) Db(Y),

which is an exact equivalence sending Ox to Oy, we may assume that F'(Ox) = Oy.
Therefore, it remains to show is that wy or its dual is ample.

Step 3. We establish bijections X seq PN Yetosea and Pic(X) LN Pic(Y).
Using the equivalence F', we first show that the vertical inclusion (x) in the dia-

gram (8.6.8) is a bijection. This immediately imply that the vertical inclusion (x*) in
the diagram (8.6.9) is bijective by Proposition 8.4.3. Then Step 3 will follow.

By horizontal bijection in the diagram (8.6.8), for any closed point y € Y there is
a closed point z, € X and m, € Z such that F'(k(z,)m,]) = k(y). Suppose on the
contrary that there is a point like object P € D*(Y'), which is not of the form k(y)[m],
for any closed point y € Y and integer m. Because of bijection in (8.6.8), there is
a unique closed point zp € X and integer mp such that F(k(zp)mp]) = P. Then
rp # x,, for all closed point y € Y. Hence, for any closed point y € Y and any
integer m, we have

Hom(P, k(y)[m]) = Hom(F (k(zp)[me]), k(y)[m])
(8.6.11) = Hom(k(xp)[mp], k(z,)[m, + m])
= Hom(k(xp), k(z,)[my, +m —mp]) =0,
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because k(zp) and k(z,) being skyscraper sheaves supported at different points,
Ext'(k(zp), k(z,)) = 0, for all 5. Since the objects k(y), with y € Y a closed point,
form a spanning class of D’(X) (c.f. Definition 8.5.1), P = 0 by Proposition 8.5.3,
which contradicts our assumption that P is a point like object in D°(Y'). Therefore,
point like objects of D’(Y') are exactly of the form k(y)[m], for y € Y a closed point
and m € Z.

Note that, for any closed point z € X, there is a closed point y, € Y such that
F(k(z)) =2 k(y.)|m.], for some m, € Z. Since F' is fully faithful and F(Ox) = Oy,
we have Hom(Ox, k(z)) = Hom(Oy, k(y.)[m.]) = Ext™ (Oy, k(y.)) # 0. This forces
m,; = 0, and hence F(k(z)) = k(y,) (no shift!). This immediately imply that, for any
L € Pic(X), F(L) = M, for some M € Pic(Y). Indeed, from bijections in the diagram
(8.6.9), we find unique M € Pic(Y) and m; € Z such that F(L) = M[my]. Take
closed points € X and y, € Y such that F'(k(x)) = k(y,). Then

Ext™™"* (M, k(y2)) = Hom(M, k(y.)[—m.]) = Hom(M[m.], k(y.))
= Hom(F (L), F(k(z))) = Hom(L, k(x)) # 0.
This forces m;, = 0.
Step 4. Recovering Zariski topology from derived category to conclude ampleness.

Let Z be a quasi-compact k-scheme. Denote by Z the subset of all closed points of
Z. Take line bundles L; and L, on Z, and take o € Hom(Ly, Ly) = H°(X, LY @ Ls).
For each closed point z € Z, let

(8.6.12) ol : Hom(Lo, k(2)) — Hom(L4, k(2))

be the homomorphism induced by «. Then U, := {z € Z : o # 0} is a Zariski open
subset of Z, and hence U, N Z is open in Zj.

Fix a line bundle L, € Pic(X). Then it follows from Proposition 8.6.1 that the
collection of all such U,, where a« € H°(X,L}) and n € Z, forms a basis for the
Zariski topology on Z if and only if either L, or L is ample.

By Step 3, the exact equivalence F : D*(X) — D'(Y) sends closed points of X
to closed points of Y bijectively, and sends line bundles on X to line bundles on Y’
bijectively. In particular, F(w%) = wi, for all i € Z. Then the natural isomorphisms
H(X,w) = H(Y,w}), Vi € Z, give rise to a bijection between the collection of
open subsets

Bx :={U,:a € H'(X,wy)and i > 0 (resp., i < 0)}, and
By :={V,:a € H(Y,w,)and i > 0 (resp., i < 0)}.

Since wx (resp., w) is ample, Bx is a basis for the Zariski topology on X, and hence
Bx, = {U,NXo:a € H(X,wy)and i > 0 (resp., © < 0)} is a basis for the Zariski
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topology on Xj. Therefore, By, := {V,NY, : a € H°(Y,w}) and i > 0 (resp., i < 0)}is
a basis for the Zariski topology on Y;, and hence By is a basis for the Zariski topology
on Y (see Lemma 8.6.13 below). Therefore, wy (resp., wy ) is ample. This completes
the proof. O

I thank Arideep Saha for useful discussion leading to the following Lemma.

Lemma 8.6.13. Let X be a scheme locally of finite type over Spec(k), where k is a field or
Z. Let Xy be a subset of X containing all closed points of X. Let Bx := {U, : a € A}
be a collection of open subsets of X such that Bx, := {U, N X¢ : o € A} is a basis for the
subspace Zariski topology on X,. Then B is a basis for the Zariski topology on X.

Proof. Step 1. First we show that, if an open set U C X contains a closed point x, then for
any point v € X which contains x in its closure (i.e., o € {x}), we have x € U. Since By,
is a basis, there is « € A such that zy € U, N Xy C U N X,. If x ¢ U,, then z belongs
to the closed set X \ U,, and hence {z} C X \ U,, which contradicts the assumption
that z( € m Therefore, z € U,. Since closure of any point in X contains a closed
point, it follows that Bx is an open cover for X.

It remains to show that for x € U, N U, thereis v € A such thatz € U, C U, N Us.

Step 2. Assume that, for any open subset U of X with x € U, there is a closed point
Ty € m N U. For then, taking U = U, N U, we can find a v € A such that

xo € Uy N X C Uy N Uz N X,

Then we will have U, C U, N Ug. Indeed, for each z € U,, by above assumption there
is a closed point zy € {z} N U, N Us. Then by Step 1, we have z € U, N Up.

Step 3. We now prove the assumption of Step 2. Since the statement is local, we may
assume that X = Spec(A), for some finitely generated k-algebra A. For each f € A,
let Dy := {q € Spec(A) : f ¢ q}. Since {Dy : f € A} forms a basis for the Zariski
topology on Spec(A), any point p € Spec(A) is contained in Dy, for some f € A\ {0}.
We claim that, there is a closed point (maximal ideal) m € D, with p C m. If not, then
all closed points (maximal ideal) m € Max(A/p) C Spec(A/p) lies outside D;. Since
A/y is a finitely generated k-algebra, we have

Jac(Afp)= (| m= ()] a=Nil(4/p),
meMax(A/p) qESpec(A/p)

which is zero because A/p is an integral domain. This contradicts the fact that f # 0
in A/p. This completes the proof. 0

Although we don’t need full strength of the following Lemma 8.6.14 here, let me
mention it here since it can be useful in may purpose. I thank Saurav Bhaumik for
explaining it to me.
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Lemma 8.6.14. Any polarized reduced projective scheme locally of finite type over a field
can be reconstructed from its set of closed points.

Proof. Let X be a reduced projective k-scheme, which is locally of finite type over
Spec(k). If #x C Opy is the ideal sheaf of a closed embedding ¢ : X — P}, for some
integer n > 1, then X = Proj(S/I), where I := @ H°(P}, .#x(i)) is the homogeneous

i>0
ideal of the graded k-algebra S := k[xo, ..., z,]. Therefore, it suffices to show that, /
coincides with the ideal of homogeneous polynomials in S vanishing at each closed

point of X. It follows from the exact sequence
0 — H(Py, Ix (i) — H°(Py, Ox(i)) — H(X, Ox(i))

that H°(P}, .#x(i)) can be identified with the set of all homogeneous polynomials of
degree i in S that vanishes at each point of X. Therefore, it suffices to show that, if X
is a finite type reduced k-subscheme of a k-scheme X, asections € H(X, L) of aline
bundle L on X vanishes at every closed points of X if and only if s|x = 0. This can be
checked locally. Take an affine open subset U = Spec(A) of X such that L| . 18 trivial.
Then s| , 18 given by an element f € A. Since s vanishes at every closed points of X,
f € Jac(A). Since X is locally of finite type over Spec(k), Jac(A) = Nil(A), which is
zero because X is reduced. Therefore, f = 0, and hence s| « = 0. Hence the result
follows. O

Remark 8.6.15. There is a more geometric proof of ampleness of wy or its dual in
Theorem 8.1.1 when £ is algebraically closed. The idea is to use the fact that line
bundle is very ample if and only if it separates points and tangent vectors.

Alternative proof of ampleness of wy or its dual, for k = k. In this subsection, we assume
that k is algebraically closed. Let X be a projective k-scheme.

Definition 8.6.16. An invertible sheaf of O y-modules L on X is said to be very ample
if there is a closed embedding ¢ : X < P}, for some n > 1, such that L = .*(Opr (1)).

It should be noted that, an invertible sheaf L on X is ample if and only if L™ is
very ample, for some integer m > 0; [Har77].

Definition 8.6.17. Let L be an invertible sheaf of O x-modules on X. We say that,

(i) L separates points if for any two closed points p,q € X, there is a section s €
HY(X, L) such that s, € m,L, and s, ¢ m,L,.

(ii) L separates tangent vectors if for any closed point p € X and any tangent vector
v € T,X = (m,/m2)*, there is a non-zero section s € H°(X, L) such that s, €
m, L, and v ¢ T,V, where V is the divisor of zero locus of s.
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Note that, an invertible sheaf L on X separate tangent vectors if and only if for
each closed point z € X, the set {s € H°(X, L) : s, € m,L,} spans the k-vector space
L, ® (m,/m3).

Theorem 8.6.18. [Har77, Proposition I1.7.3] Let X be a projective k-scheme. An invertible
sheaf of O x-modules on X is very ample if and only if it separate points and tangent vectors.

Continuing with above notations, it follows from the Definition 8.6.17 that L €
Pic(X) separates points if and only if for any two closed points x1,z, € X with
x1 # %2, the restriction homomorphism (to the fibers)

(8.6.19) Tayay ' L —> (L@ k(z1)) ® (L ® k(22)) = k(z1) ® k(xs)
induces a surjective homomorphism
(8.6.20) HO(ay ) 2 HYX, L) — HO(X, (1) & k(2).

Let Y be a smooth projective k-variety, and F : D*(X) — D’(Y’) be an exact equiv-
alence of k-linear graded categories. Then we have the following commutative dia-
gram

. Ho(rzl,Q)
H(X, W) HY(X, k(z1) & k(z2))
(8.6.21) FLE glF
0 i HO(Tyl-,yg) 0
H(Y, w)) ——— H(Y, k(1) & k()

where y; € Y is the closed point such that F'(k(z;)) = k(y;), forall j = 1, 2. Therefore,
w’ separates points if and only if w, separates points.

To see wi separates tangent vectors if and only if w’ do the same, first we need

the following observation.

Lemma 8.6.22. Let X be a scheme over any field k. To give a point x € X with residue
field k(z) = k and a tangent vector v € T, X = (m,/m2)* is equivalent to give a subscheme
Z, C X, supported at z, of length 2 (i.e., dimy H*(Z,, 0z, ) = 2).

Let Z, C Y be a subscheme of length 2 supported at a closed point y € Y. Then
we have an exact sequence
(8.6.23) 0 — k(y) — Oz, — k(y) — 0.
Therefore, Z, is given by an non-trivial extension class
(8.6.24) ®,, € Ext'(k(y), k(y)).

Since F is fully faithful, ®,, € Ext'(k(y), k(y)) corresponds to a non-trivial extension
class

(8.6.25) F(®z,) € Ext' (k(zy), k(x,)),
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where 7, € X is the closed point satisfying F'(k(z,)) = k(y). Then F'(®,) defines
a subscheme Z, C X of length 2 supported at + € X. Therefore, ['(Oz,) = Og,.
Moreover, I gives an isomorphism

F: Hom(wk, Oz,) — Hom(w},, Oz).

It follows from the Lemma 8.6.22 that a line bundle L on X separate tangent vectors
if and only if the homomorphism (induced by the restriction morphism)

(8.6.26) H(X,L) — H°(X,0y,)

is surjective. Now it follows from the commutative diagram
HY(X, W) HY(X,0z,)

(8.6.27) Fj”—v :lF
HO(Y,wi) H°(Y,0y,)

that w’, separate tangent vectors if and only if w! separate tangent vectors. Hence,
wx (resp., wy) is ample if and only if wi (resp., wy) is ample.

8.7. Auto equivalence of derived category.

9. FOURIER-MUKAI TRANSFORMS
9.1. Integral functor. Let X and Y be smooth projective schemes defined over a
tield k. Consider the two projections

(9.1.1) Py X xY — X and py: X xY — Y.

Definition 9.1.2. An integral functor with kernel P € D*(X x Y') is a functor
(9.1.3) OX7Y  DV(X) — Db(Y)
defined by

O3 (E) =py.(pxE@P), VE € D"(X);

where py,, p% and ® are derived functors.

When there is no confusion regarding the direction of the functor likely to arise,
we just drop the superscript X — Y from ®37Y, and simply denote it by ®p. An
integral functor ®p, which is an equivalence of categories, is called a Fourier-Mukai
functor with kernel P. We say that X and Y are Fourier-Mukai partner if there is a
Fourier-Mukai transform ®p : D°(X) — D°(Y).

Remark 9.1.4. Since the derived functors p%, py, and ® are exact, ®p is exact.

Example 9.1.5 (Examples of integral functors). Let X be a proper k-scheme.
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(i) The identity functor Id : D’(X) — D’(X) is naturally isomorphic to the
Fourier-Mukai transform with kernel Oa,, where Ay C X x X is the diag-
onal.

Let p; : X x X — X be the projection onto the i-th factor, for i = 1,2. Let
1: X = A C X x X be the embedding of the diagonal into X x X. Let Ox be
the structure sheaf of the diagonal A. Then for any E* € D°(X), we have

(bOA (E.) = pl*(p;E. ® OA) = pl*(p;E. & L*OX)
= pr (L (" (p3£°) ® Ox)), by projection formula;
> (pot)(prot)*(E®) 2 E®, since pjor=Idx =pyou.

(ii) (Pullback and direct image functors) Let f : X — Y be a morphism of smooth
projective k-schemes. Then Rf, : D*(X) — D(Y) is isomorphic to the integral
functor (I%:fy, where I'y C X X Y is the graph of f. Indeed, take any E* €

D*(X) := Db(€oh(X)). Then
L
O3, (E%) = Rpa,(RpiE*) @ Or,) = RY.E".

On the other hand, taking integral functor on the reverse direction with the
same kernel gives a natural isomorphism of functors @g:fX = Lf

(iii) The cohomology functor H*(X,—) : D*(X) — D°(Vect(k)) is isomorphic to
the integral functor CIDgFjSpec(k), where I'; C X x Spec(k) is the graph of the
structure morphism f : X — Spec(k) of X.

(iv) Let £ be an invertible sheaf on a proper k-scheme X. Lett: X < Ay € X x X
be the diagonal immersion. Then the integral functor ®,, , is isomorphic to the

L
functor L&—. Indeed, for any E* € D°(X) we have

B,.£(E) = po. (B[ E*) @ 1.(L)) = E*SL.

(v) The shift functor T : D*(X) — D’(X) given by T(E®) = E°[1], for all E* €
DP(X), is isomorphic to the integral functor ®o, 1.

(vi) Let X be a smooth projective k-variety of dimension n. Recall that the Serre
functor Sx : DY X) — DP(X) is defined by E* — (E* ® wx)[n]. Since the
integral functor ¢, i is isomorphic to S%|—ni] for all ¢ € Z, as a corollary to
Proposition 9.1.21 below, we conclude that S is an integral functor with kernel
(tewx) * (Oaln)).

(vii) (Kodaira-Spencer morphism) Let X and 7" be smooth projective k-varieties. Let
P be a coherent sheaf on X x T flat over 7', and consider the integral functor
¢L=X . DMT) — DP(X) with kernel P. Fix a k-rational point ¢t € T (i.e., a
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closed point ¢ € T with k(t) = k), we have

BLX (k(t)) = Rpx, ((Lpyh(t)SP) = P,

where P, : considered as a coherent sheaf on X.

- 7)|X X
{t}
Note that, a tangent vector v € T,T" at ¢ is uniquely defined by a subscheme

Z, C T of length 2 (i.e., dimy H(Z,,0z,) = 2) concentrated at t. Then we have
a short exact sequence

(9.1.6) 0 — k(t) — Oz, — k(t) — 0.

Pulling back this exact sequence by pr and tensoring with P (note that, P is flat
over T by assumption), we get a short exact sequence

(9.1.7) 0—P — Ply,, — P —0.

Considering this as a sequence on X, we get an extension class in Ext} (P, P;).
Now one can check that, this gives a k-linear map

(9.1.8) KS, : T,T — Extx (P, P,),

known as the Kodaira-Spencer map. It follows from the above construction that
the following diagram is commutative.

KS;

T,T = Exth(k(t), k(t)) Exty (P, Pt)

(9.1.9) Nl lw
Homps ) (k(2), K(B)[1]) — = Hom sz (Pr, P [1]

In other words, the Kodaira-Spencer morphism KS; is compatible with the in-
tegral functor 5.

Remark 9.1.10. Note that, an integral functor need not be compatible with Serre
functors (c.f., Section §4). For example, let X be a smooth projective k-scheme of
dimension n > 1. Let f : X — Spec(k) be the structure morphism. Then the
right derived functor Rf, : D*(X) — D®(Vect(k)) sends a coherent sheaf F on X to
the graded k-vector space H*(X, E) := @ H'(X, E). Note that Sspec(r)(H°(X, E)) =
120

HY(X,E), for all i > 0. Again Rf.(Sx(E)) = Ext’(Ox, Sx(FE)) = Ext’(Ox, E ®
wx[n]) =2 Ext"(Ox, E @ wyx) = H"(X, F @ wy). Since H"(X, F @ wx) ¥ H°(X, E), in
general, we conclude that Rf, o Sx 2 Sspec(x) © R fs-

We are interested to know when an integral functor ®37" : D*(X) — Db(Y) is
a Fourier-Mukai transform (i.e., an equivalence of categories). For 3" to be an
equivalence of categories, it must admit both left adjoint and right adjoint. As a first
step towards this, we show that an integral functor 3" always admit both left
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adjoint and right adjoint, which are again integral functors, and their kernels can be
explicitly described.

Let X and Y be smooth projective k-schemes, and py and py denote the projection
morphisms from X x Y onto X and Y/, respectively.

Definition 9.1.11. For any object P € D°(X x Y'), we define
Pr =P’ @pywyldimY], and 7Pg:=P"® piwx[dim X].
Note that, both P;, and Py are objects of D*(X x V).

Proposition 9.1.12. There is a natural isomorphism of functors

@%"X = Sxodp, o S_
Proof. It suffices to show that there are natural isomorphism of functors
(9.1.13) Oy ¥ =y oSy and )N (E®) = Sy o &Y.
For any E* € D°(Y'), we have

~

Oy ¥ (E*) = Rpx, ((Lpy E*)QPL)

h

~ Rpx, ((Lpy E*)R(PY @ pywy [dim Y]))

h

((
((
= Rpx., ((Lpy E )® YWY[dleD@)Pv)
>~ Rpx, (Lp} (E* ®wY [dim Y])®7?V)
(

=~ Rpx, (Lpy-(Sy(E*)) ®PV) (@57 % o Sy )(E*)
Similarly, we have
O} N (B%) = Rox. (Lo B*) (P @ piyo[dim X))
>~ Rpx, ((Lp%}E')Q%PV) Q%wx [dim X], by projection formula.
— Bpy (E")Gwy [dim X]
= (Sx 0 DLTY)(E).
Hence the result follow. O

Theorem 9.1.14 (Grothendieck-Verdier duality). Let f : X — Y be a morphism of
smooth schemes over a field k of relative dimension dim(f) := dim(X) — dim(Y"). Let
(9.1.15) wr = wx @ frwy

be the relative dualizing sheaf of f. Then for any F* € D*(X) and E* € D*(Y), thereisaa
functorial isomorphism

~

9.1.16) Rf.RHom(F*, Lf*(E") 6w [dim(f)]) =5 RHom(Rf.F*, E*).
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Proposition 9.1.17 (Mukai). Let X and Y be smooth projective k-schemes. Let F' = ®p :
D*(X) — DY) be an integral functor with kernel P € D*(X x Y). Then ®p, (resp.,
Op,.) is the left adjoint (resp., right adjoint) of F.

Proof. This is an application of Grothendieck-Verdier duality (Theorem 6.9.1), pro-
jection formula and compatibilities among derived functors. The relative dualizing
sheaf for the projection morphism px : X x Y — X is

. * Vo~ ok * * Vo~ %
Wpx = Wxxy @ PxWy = PyWy @ pPxwyx @ pywyx = pyWy,

and the relative dimension of py is dim(px) := dim(X x Y) — dim(X) = dim(Y’). For
any E* € D*(Y) and F* € D*(X), we have

Hom ey (P (E®), F*) = Hompe (Rpx*(Lp’{/E'QLéPL) F*)

=~ Hom po(xxy) (Lpy E* ®73L, Py F* ®pr [dim(px)]), by Theorem 6.9.1.

= Homps(xxy) (LpYE ®77L,pXF ®pwa[dlm(Y>])

=~ Hompy(xxy) (P Epywy [dim(Y)]Epy B*, Ly F*Epywy [dim Y1)
(7) ®pYE.7pXF.)
(vy

E* P®pXF‘)

Y)
= Home XxY)

= Home (XxY)

= Homps(y) (E', pr*(P@)p}F'))
= Homps(y) (E*, @377 (F*)).
Therefore, ®;, 7 is the left adjoint of ®3". To show @}, *¥ is the right adjoint of

d=~Y, one can again do similar calculations as above, or alternatively use Proposi-
tion 9.1.12 and Lemma 9.1.18 (below) to complete the proof. O

Lemma 9.1.18. Let A and B be two k-linear categories with finite dimensional Homs. As-
sume that A and B admits Serre functors S, and Sg, respectively. Let F : A — B and
G : B — Abe k-linear functors. If G is the left adjoint of F, then S0 G o Sy is the right
adjoint of F.

Proof. For A € A and B € B we have the following sequence of natural isomor-
phisms

Hom (A, (S40G o Sz")B) 2 Hom ((G o Sz")(B), A)"

Hence the result follow. O
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An important property of integral functors is that composition of two integral
functors is again integral, and its kernel is given by convolution product, which we
explain below. Let X,Y and Z be proper k-schemes. Consider the diagram

X xY xZ

(9.1.19) Pxy pr&

X xY X xZ Y xZ

Y

where pxy,pyz and pxz are projection morphisms. For P € D~ (X x Y) and @) €
D= (Y x Z), we define their convolution product to be the object

(9.1.20) QxP:= pXZ*((Pf;(yP) ® (P§ZQ)) €D (X x Z).

Clearly, @) * P is naturally isomorphic to P x (). Proof of the following result is an
easy consequence of projection formula.

Proposition 9.1.21 (Mukai). Forany P € D~ (X xY)and Q € D= (Y X Z), there is a
natural isomorphism of functors

Y—=Z X=Y ~ ;X2
(I)Q o (I)P = (EQ*P :

Proof. Proof is very simple, but what makes it difficult is to work with 11 projection
morphisms. The following commutative diagram could be useful to keep track of
the morphisms.

Pxy P®pPY 2 Q

X xY xZ

pPxz
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Let R := QP = pxz,(pxyP @ p}y,Q) € D'(X x Z) be the convolution product of
P and (). Then for any E* € D~ (X), we have

PX74(E®) = r.(Ls"E* @ R)
= r.(s"E* @ pxz.(PxyP @ v 4,Q))
=~ r, (pxz. (DX E® ® pyP ® py,Q)), by projection formula.
~ pz, (Pxy (€ E° ® P) ® p}y ,Q), since r o pxz = pz.
= Ly 2. Py (FE* @ P) ® py;,Q), since t o pyz = pz.
>~ t, (pyz.Pxy (¢"E* @ P) ® Q), by projection formula.
>~ ¢, (u'p.(¢*E* ®@ P) @ Q), by flat base change py , o pky = u* o p..
=t (uE V(B ® Q) = (BG 77 0 07V (E*)
This completes the proof. O

Remark 9.1.22. If the composite functor ®},7# o ®F " is not an equivalence of cate-
gories, then the kernel R := P * Q is not necessarily unique. However this choice of
R is a natural one in the sense that it is compatible with taking left adjoint and right
adjoint. More precisely, we have natural isomorphism of functors

(9.1.23)  Pr, = pxz, (PkyPL@0y,QL) and Pr, = pxz,(piyPr @ Dy, 9r).

This can easily be checked using Grothendieck-Verdier duality as in Proposition
9.1.17.

Remark 9.1.24. Let P, Q € D’(X x Y'). Then any morphism ¢ € Homps(x v (P, Q)
induces a morphism of the associated integral functors: @, : ®p — ®5. One might
wonder if this induced morphism @, is non-trivial if ¢ is non-trivial. In general,
the answer is no! For example, let C' be an elliptic curve over a field k£, and denote
by A the image of the diagonal embedding C' — C' x C. Consider O, as an object
of D*(C' x (). Using Serre duality on the product C' x C, one can conclude that
dimy Ext*(Oa, Oa) = 1. So there is a non-trivial morphism

(9.1.25) f:O0A — OA[Q]
in D°(C x C). This morphism f induce a morphism of associated integral functors
(9126) (I)f : (bOA — @OA[Z}.

Note that, o, = Idps(cy, and ®p, |z is isomorphic to the 2-shift functor £* — E£°[2].
However, ®; = 0. To see this, note that C' being one dimensional, Ext*(E, E) = 0 for
any coherent sheaf £/ on C'. So the induced morphism ®(E) : o, (E) — o, 2(E)
is trivial. Since any object of D?(C') is isomorphic to a finite direct sum of shifted
coherent sheaves on C, we conclude that ®;(E*) : E* — E*[2] is zero, for any
E* € D*(C).
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The following useful results are easy to verify.

Proposition 9.1.27. Let X,Y and Z be smooth projective k-schemes. Let P € D*(X x Y).

(i) For any morphism f : Y — Z of k-schemes, we have an isomorphism of functors

Rf, o ®37Y =~ @ff@zxf)*p.

(ii) For any morphism f' : Z — Y of k-schemes, we have an isomorphism of functors
Lf* o @%—)Y o~ (I)X—>Z

(dx xf)*P*
(iii) For any morphism g : Z — X of k-schemes, we have an isomorphism of functors
O o R, X BEY
(iv) For any morphism ¢' : X — Z of k-schemes, we have an isomorphism of functors
©3 7 o Lgt = (I)(Zg’—:glfdy)*P'

It is natural to ask which functors are isomorphic to an integral functor? The
answer is given by the celebrated representability theorem due to Orlov [Orl03].
Orlov’s representability theorem says that, if X and Y are smooth projective varieties
defined over a field k, then any exact fully faithful functor F : D*(X) — Db(Y) admit-
ting both left and right adjoints is isomorphic to an integral functor @3 ", where Pp €
Db(X x Y) is unique up to isomorphism.

In their celebrated paper [BvdB03], Bondal and Van den Bergh proved a deep re-
sult which ensures that any exact functor F' : D*(X) — D’(Y') admits a right adjoint.
Since both D’(X) and D*(Y') admit Serre functors, it follows from Lemma 9.1.18 that
F admits a left adjoint too. Therefore, the assumption of existence of both left and
right adjoints of F’ is redundant, and we get the following stronger version of Orlov’s
representability theorem (whose proof will be given later).

Theorem 9.1.28. Let X and Y be two smooth projective k-varieties. Let
F:DX)— DY)

be an exact fully faithful functor (resp., exact equivalence of categories). Then there is an
object Pr € D*(X xY'), unique up to isomorphism, such that F is isomorphic to the integral
functor ®3 7 with kernel Pr.

As an immediate corollary to this, we get the following.

Corollary 9.1.29. Let X and Y be smooth projective k-varieties with an exact equivalence
of derived categories F : D*(X) — D®(Y). Then dimy(X) = dim(Y).

Proof. By Orlov’s representability theorem, there is an object P € D°(X x Y'), unique
up to isomorphism, such that F' = ®5. By Proposition 9.1.17, due to Mukai, F' admits
both left adjoint and right adjoint, which are also Fourier-Mukai transformations
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with kernels
L L
(9.1.30) Pr = P'@pywy[dimY] and Pg:=P'@piwx|dim X],

respectively. Since F' is an equivalence of categories, @}, % = @} *X. Since quasi-
inverse of F is also an exact equivalence from D(Y) to D*(X), using uniqueness (up
to isomorphism) of kernel of a Fourier-Mukai transformation (c.f., Theorem 9.1.28),
we conclude that P, = Pr in D?(X x Y'). Therefore,

L L
(9.1.31) PV = PR (pywx®pywy. [dim X — dim Y]).

From this, it follows that dim X = dim Y. O

Let X and Y be smooth projective k-varieties. We show that if an exact equivalence
F : D*X) — DY) sends skyscraper sheaves k() to skyscraper sheaves k(y.),
where z € X and y, € Y are closed points, then there is an isomorphism of k-
schemes f : X — Y sending x to y,, and that F' is isomorphic to (— ® L) o f,, for
some L € Pic(Y). In particular, F is a Fourier-Mukai transform. First, we need the
following.

Lemma 9.1.32. Let ¢ : X — S be a morphism of k-schemes. For a closed point s € S,
we denote by s : Xy — X the closed embedding of the scheme theoretic fiber X, :== X xg
Spec(k(s)) over s into X. Let P € DY(X) be such that for each closed point s € S,
the derived pullback LiP € D(Xj) is a complex concentrated at degree 0. Then P is
isomorphic to a coherent sheaf on X flat over S.

Proof. Let

m :=max{i € Z: H'(P) # 0}.
First, we show that m = 0. Then we show that

H Y LEH(P)) =0, VseS,

which implies Tor; (H°(P), k(s)) = 0, for all s € S, and hence H°(P) is flat over S.
Finally to complete the proof, we show that H?(P) = 0, for all ¢ < 0.

Let s € S be a closed point. Consider the spectral sequence
(9.1.33) EYT = HP(L(HY(P))) = EP™ := HPY(LI(P)), VP e D'(X).
Then there is a closed point s € S such that

Ey™ = HO (L (H™(P))) # 0;
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note that, this is just the ordinary pullback of H™(P) € Coh(X) over X,.

—2 1 -1 1 1 1 1 2 1
Byt =0 Byt =0 By =0 By =0 Ey™t
21m1*\ 0,m—1 1m—1 2,m—1
E, E, B, By =0 E3™ =0

Since, by assumption, £ = H™(L.:(P)) = 0 except possibly for m = 0, we con-
clude that m = 0. Similarly, since #~'(L¢*P) = 0 by assumption, we have E, "’ =
HA(LHO(P)) = 0, for all s € S. Then Tory (H°(P), k(s)) = 0, for all closed points
s € S, and hence H°(P) is flat over S. Now H°(P) being flat over S, its higher
derived pullbacks E, " = HP(Li*H(P)) = Tor,(H°(P), k(s)) are trivial for p > 0.
Now it remains to show that H9(P) = 0, for all ¢ < 0. If not, then let n be the
largest integer such that n < 0 and H"(P) # 0. Choose a closed point s € S such
that X N Supp(H"(P)) # 0. Since E; " = HP(LiEHI(P)) = 0, for all p < 0 and
q > m = 0, it follows that EQ" = Ey™ = HO(Li*H"(P)) # 0. This is a contradiction
because £" = H"(L.:P) = 0, since n < 0. This completes the proof. 0J

Proposition 9.1.34. Let k be an algebraically closed field. Let X and'Y be smooth projective
k-varieties with an exact equivalence F : D*(X) — D(Y). Suppose that for each closed
point x € X there is a (unique) closed point y, € Y such that F(k(x)) = k(y,). Then
f gives rise to an isomorphism of k-schemes, also denoted by f : X — Y, such that
F=(L®—)o f, for some L € Pic(Y).

Proof. We only sketch a proof leaving the details to the readers. By Orlov’s repre-
sentability theorem 9.1.28, there is an object P € D’(X x Y), unique up to isomor-
phism, such that F' = £~ By assumption,

(9.1.35) k() 2 F(k(x)) = 857 (k(z)) = py. (PEPY k() = Py

Then by above Lemma 9.1.32, we may assume that P is a coherent sheaf on X x Y
flat over X. Then choosing local sections of P, using (9.1.35) we find a morphism of
k-schemes f : X — Y such that f(z) = y,, for all closed points = € X.

Since {k(z) € D'(X) : zisaclosed point of X} spans D?(X), the exact equiva-
lence F' : D*(X) — D(Y) ensures that the objects F'(k(x)) = k(f(x)) spans D°(Y).
Therefore, for a closed point y € Y/, there is a closed point =, € X such that

Hom pi (v (F'(k(2y)), k(y)my]) # 0,



Page 82 of 126 Notes on derived category

for some integer m,. This implies, k(y) is of the form k(f(x)) in D*(Y). Therefore, f
is surjective over the set of closed points. Similarly, one can show that f is injective
at the level of closed points. Since the set of all closed points is dense in a finite
type k-scheme, f is birational. Then one can use Zariski’s main theorem and Stein
factorization to deduce that f is an isomorphism of k-schemes in characteristic 0. In
positive characteristic, one need to use exact quasi-inverse F'~! : D*(Y') — D*(X) of
F to produce a morphism of k-schemes g : Y — X, which gives the inverse of f in
the category of k-schemes.

Eventually, P considered as a sheaf on its support, which is the graph of f in
X x Y, is a sheaf of constant fiber dimension 1, and hence is a line bundle. Since the
projection py induces an isomorphism Supp(P) — Y, we can consider P as a line
bundle over Y. Then the result follows. O

Corollary 9.1.36 (Gabriel). Let X and Y be smooth projective k-varieties. If there is an
exact equivalence of abelian categories I : Coh(X) — Cobh(Y"), then X is isomorphic to Y .

Proof. Clearly F give rise to an exact equivalence of derived categories F:DMX) —
D*(Y'). Then by Orlov’s theorem 9.1.28, there is an object P € D°(X x Y'), unique up
to isomorphism, such that F' = &». An object E € €oh(X) is called indecomposable if
any non-trivial epimorphism £ — E” in €oh(X) is an isomorphism. One can check
that, £ € €oh(X) is indecomposable if and only if E = k(z), for some closed point
r € X. Since an exact equivalence F' : €oh(X) — Coh(Y') sends indecomposable
object to indecomposable object, for each closed point = € X, we find a closed point
f(z) € Y with ®p(k(z)) = k(f(z)). Then by above Proposition, f give rise to a
morphism of k-schemes f : X — Y such that &p = (L ® —) o f,, for some L €
Pic(Y). 0

9.2. K-theoretic integral transformation.

Definition 9.2.1. Let A be an abelian category. Let F(.A) be the free abelian group
generated by the set of all isomorphism classes of objects of .A. Let N(.A) be the
normal subgroup of F(.A) generated by the elements [E'] — [E] + [E"] € F(A), where
0 -+ E' — E — E” — 0is an exact sequence in .A. Then the Grothendieck group of A
is defined to be the quotient group

Ko(A) = F(A)/N(A) .

Remark 9.2.2. The above definition of Grothendieck group perfectly make sense for
exact categories.

Let X be a smooth projective k-variety. Let Vect(X) be the full subcategory of
Coh(X), whose objects are locally free coherent sheaves on X. The category Vect(X)
is exact, but not abelian.
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Lemma 9.2.3. There is a natural isomorphism Ky(Vect(X)) = Ky(€oh(X)).

Proof. The homomorphism ¢, : Ky(Vect(X)) — Ky(€oh(X)) induced by the fully
faithful (inclusion) functor ¢ : Vect(X) — €oh(X) is injective. Since X is a smooth
projective algebraic k-variety, any £ € Coh(X) admits a finite resolution

O—-FE,—-LE, 11— - —FE —F—FE—=Q,
with E; € Vect(X), for all i. The map given by sending [E] € Ky(€oh(X)) to
S (=1)[E;] € Ko(Vect(X)) is independent of choice of the resolution of E, and is

=0

a group homomorphism. This gives the inverse of ¢,. 0

Define Ky (X) := Ky(€oh(X)). For E* € D*(X), we associate an element
(9.2.4) [E*] == (—1Y[E'] € Ko(X).
J
Since any object of Coh(X') admits a finite resolution by locally free coherent sheaves

on X, any element of K(X) can be written as a finite Z-linear combination )| «;[E;],

with F; locally free coherent sheaves on X. One can use this to define a ring structure
on Ky(X) by setting

(9.2.5) E]-[F]:=[E®F], VE FeCh(X),

and then extending this operation Z-linearly over Ky(.X). Define a map
(9.2.6) D(X) — Ko(X)

by sending E£* € D*(X) to [E*] := > (—1)’[E’] € Ky(X). One can check that,

J
(92.7) (B = ) (1) [H(E*)]
J
in Ky(X), and hence [E*] = [F*] in K((X) whenever E* = F* in D’(X). Note that,
(B[] = 3_(-1V B = (-1)[E"] and [B*& F*] = [B%] + [F"].
J

Since X is a smooth projective k-variety, derived tensor product of two complexes
in D°(X) can be computed as a ordinary tensor product of bounded complexes of

L
locally free coherent sheaves on X isomorphic to them, [E°*®F°®| = [E®] - [F*] in
Ko(X). Therefore, the map D°(X) — Ky(X) given by E* — [E*] is compatible with
the natural additive and multiplicative structures on both sides.

Lemma 9.2.8. Let f : X — Y be a morphism of smooth projective k-varieties. Then f
induces a homomorphism of their Grothendieck groups f* : Ko(Y) — Ko(X).
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Proof. Let E € €oh(Y). Then f(E) := > (—1)‘[L' f*E] is an element of the free abelian
i>0

group generated by the isomorphism classes of objects from €oh(X). Since any exact

sequence

0—-F —-F—=FE"—0

in Coh(Y') induces a (bounded) long exact sequence of Ox-modules
"‘—>Li+1f*E//—>Lif*E/—>Lif*E%Lif*E”—)Li_lf*El—>"',

we see that f(E) = N(E’ ) + f(E") in Ko(X). Thus f induces a well-defined group
homomorphism f* : Ko(Y) = Ko(X). O

Lemma 9.2.9. Let f : X — Y be a proper morphism of projective k-schemes. Then f
induces a homomorphism of Grothendieck groups f, : Ko(X) — Ko(Y).

Proof. Since f is proper, R'f.(E) € €oh(Y), for all E € €oh(X). Then following
the proof of the above Lemma 9.2.8, we see that [E] — > (—1)'[R'f.(E)] gives the

i>0
required group homomorphism. O

Remark 9.2.10. Both f* : K¢(Y) — Ko(X) and fi : Ko(X) — Ko(Y) are compat-
ible with derived pullback and derived direct image functors in the sense that the
following diagrams are commutative.

DY) — L phxy  Dhx)— T py(y)
9.2.11) | |0 | |0
Ko(Y) I Ko(X) Ko(X) ! Ko(Y)

Commutativity of the square on the left hand side is easy to check. To see the com-
mutativity of the square on the right hand side, we need to show that [Rf.E*] =
S (—1)[R’ f.E*] is equal to

J
AIET) =Y (1 AR(EN)] = ) (-1) ) (Z1)[RLH(E),
J J i
which can be checked by using the Leray spectral sequence
(9.2.12) EYT:= RPfHY(E®) = EP*? .= RPYIf,(E®).
Definition 9.2.13. We define the K-theoretic integral transform
QLN Ko (X) — Ko(Y)

with kernel £ € Ky(X x Y) by sending o € K(X) to (I)?“’X_*Y(a) = py (£ @ pka).
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It follows from the above compatibility relations in (9.2.11) that the integral trans-
form is compatible with the corresponding K-theoretic integral transform in the
sense that the following diagram commutes.

<1>X—>Y
D (X) —= DY)
(9.2.14) : ]j l[ |
Ko X—=Y
Ko(X) —2 Ko(Y)

Remark 9.2.15. The above compatibility between ®X~* and @ff;i’x_’y can also be
seen from the following more general fact: any exact functor F' : D°(X) — Db(Y)
induces a group homomorphism F* : K,(X) — Ky(Y) such that F*o([E*]) =

[F(E*)], for all E* € Db(X). In other words, the above diagram commutes.

Proposition 9.2.16. Let P € D*(X x Y). If the integral functor &5~ : D*(X) — Db(Y)
is an equivalence of categories, then the induced K-theoretic integral transform (I)f;]X o
Ko(X) — Ko(Y) is an isomorphism of abelian groups.

Proof. Note that, for Y = X and P = Oa,, the induced K-theoretic integral trans-
form
Con " Ko(X) — Ko(X)

is just the identity map Ky(X). Since 2" is an equivalence of categories, its left ad-
joint and right adjoint functors are isomorphic, and they are quasi-inverse to ®x Y.
Note that, the left adjoint and right adjoint of ®3~" are again Fourier-Mukai func-
tors whose kernels are explicitly given by Proposition 9.1.17. Since the composite
Fourier-Mukai functor % o &3~ = &y, (resp., O3 7" 0 O = 0y, ) is iso-
morphic to the identity functor on D*(X) (resp., D’(Y)), we have @f;}x Y o(I)f;’RS]/%X €
Aut(Ky(Y)) and @f;:]_}X o CID{;’]X_’Y € Aut(Ky(X)). Hence CI)f;’]X_’Y is an isomor-
phism. O

Remark 9.2.17. For X and Y smooth projective k-varieties, following the similar
procedure, one can also define integral transformation at the level of Chow groups
PIOXTY L OH*(X) — CH*(Y) with kernel Z € CH*(X x Y). However, since
Chow group and Ky-group coincides after tensoring with Q, we don’t gain much.

9.3. Cohomological integral transformation. Let X be a smooth projective variety
over C. We denote by H*(X,Q) the cohomology of the constant sheaf Q over the
underlying complex manifold of X. Note that, #*(X, Q) has a natural ring structure.
Moreover, any continuous map of compact connected complex manifolds f : X — YV
induces a ring homomorphism

(9.3.1) £ HY(Y,Q) — H*(X,Q).
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Let n = dim(X) and m = dim(Y"). Then by Poincaré duality
HZ(X, @) ~ H2nfi (X, Q)* and HZ<Y, @) ~ H2m7i(}/’ Q)*

to define

932) fo: HY(X,Q) — H™2" (Y, Q)

as the dual of f, in (9.3.1). Then we have the following projection formula:
(9.3.3) f(fH (@) - B) = - fu(B).

Definition 9.3.4. Let X and Y be smooth projective varieties over C. Denote by px
and py the projection morphisms from X x Y onto X and Y/, respectively. Given a
cohomology class o € H*(X x Y, Q), we define the cohomological integral transform

QILXY (X, Q) — H*(Y,Q)
by ®X-X=Y(3) := py, (a - pxB), forall g € H*(X,Q). Note that, ®Z>*~ is Q-linear.

Now one can use the Chern character map
(9.3.5) ch: Ko(X) — H*(X,Q)
to pass from Grothendieck’s K\-group to cohomology. Unfortunately, the Chern

character map (9.3.5) does not commute with integral transforms at the level of K-
group and cohomology (i.e., the following diagram is not commutative), in general.

p0 XY
Ko(X) Ko(Y)
Chl lch
H*(X,Q) H*(Y,Q)

To remedy the situation, we need to consider the Todd class. By definition, Todd
class is multiplicative, i.e.,

(936) td(El D EQ) = td(El) . td(Eg), i El, EQ € V@Ct(X)7

and for a line bundle L on X, we have

(9.3.7) td(L) = —— e;;éfll o7

For X a smooth variety over C, we denote td(X) := td(7°X). The key ingredient for
the compatibility relation is the Grothendieck-Riemann-Roch formula.

Theorem 9.3.8 (Grothendieck-Riemann-Roch). Let f : X — Y be a projective mor-
phism of smooth projective k-varieties. Then for any o € Ko(X), we have

ch(fi(@)) - td(Y) = f.(ch(a) - td(X)).

Taking f : X — Spec(k), the structure morphism of X, we get the following.
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Corollary 9.3.9 (Hirzebruch-Riemann-Roch formula). For any a € Ky(X), we have
y(a) = / ch(a) - td(X).
X

Remark 9.3.10. We define y(E*) := 3 (—1)'x(E"), for all E* € D’(X). By definition
of the map [] : DY(X) — Ko(X) we have [E*[j]] = S (=1)[E] = (—1)i[E*] (see

)

(9.2.4)). Since the Chern character map
ch: Ko(X) - H(X,Q)

is additive, we have ch(E®) := > (—1)ch([E"]). As a result, for any E* € D°(X),

from Corollary 9.3.9 we have

(B = 3 (- 1Px () = S~ 1) / h([E]) - td(X) = /X ch([E"]) - td(X).

j j X

Definition 9.3.11 (Mukai vector). Mukai vector of a class a € Ky(X) (resp., an object
E* € D*(X)) is defined to be the cohomology class

(9.3.12) w(a) == ch(a) - /td(X) (resp., W(E*) = v([E*]) = ch([E*]) - td(X)).

Here /td(X) is the cohomology class whose square is td(X), and its existence can
be shown by explicit computation with the formal (but finite) power series calcula-
tion. It follows from the above definition that the Mukai vector map

(9.3.13) v: Ko(X) — H'(X,Q)
is additive.

Corollary 9.3.14. Let X and Y be smooth projective C-varieties, and let o € Ko(X x Y).
Then for any 5 € Ky(X), we have

v(a)

(9.3.15) pHA=Y (ch(6)~ td(X)) = ch (®KX2Y(8)) - V(Y.

In other words, the following diagram is commutative.

Ko(X) —2 " Ro(v)
(9.3.16) L L
PHX—Y
H*(X,Q) — H*(Y,Q)
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Proof. It suffices to show that the following diagram is commutative.

*

Ko(X) B KX XY)—2~ Ky(X x Y) Ko(Y)

j lv().(\/m)l lv(—y td(X) l
H*(X,Q) —— H* (X xY) H*(X X Y) ——— H*(Y,Q).

Px w(a)

Py

Commutativity of the first two squares follows from projection formula and the com-
mutativity of the last square follows from Grothendieck-Riemann-Roch formula. [

Remark 9.3.17. In general, cohomological integral transform neither preserve grad-
ing nor the multiplicative structure of H*(—,Q), even for the Mukai vector o = v(f3).
However, it indeed preserve parity. More precisely, let P € D*(X x Y'), and consider
the associated integral functor

O3V DY(X) — DU(Y).
Denote by
(9.3.18) Oy HU(X,Q) = H'(Y,Q), B py.(v(P) - pkB)

the cohomological integral transform with the Kernel v(P) = ch([P])-/td(X x Y) €
H*(X x Y,Q). Since the characteristic classes ch and td takes values in even pieces
of H*(—,Q), it follows that

O T (HYN(X, Q) € H(Y,Q) and &y ~" (H*'(X,Q)) € H*(Y,Q).

Actually the singular cohomology theory H*(X, Q) is not the right target for the
Mukai vector to consider. A. Calddraru argued that it is the Hochschild cohomology

theory one need to consider for studying the map QDUH(’%_)Y to get the graded and mul-

tiplicative structure of the corresponding source and target of CIDﬁ’PX)_}Y be preserved.

We shall discuss it later.

Remark 9.3.19. In general, given an exact equivalence of categories F' : D*(X) —
Db(Y), we don’t know how to associate a cohomological integral transform F
H*(X,Q) — H*(Y,Q) with F without using the existence of kernel P of F' (coming
from the Orlov’s representability theorem 9.1.28).

Proposition 9.3.20. Let ®p : D(X) — D*(Y) and ®o : D*(Y) — D'(Z) be two in-
tegral functors with kernels P € DX x Y) and Q € DY x Z), respectively. Let
O : D*(X) — D(Z) be their composite integral functor with R = Q x P € D*(X x Z).

Then the induced cohomological integral transforms d)i’p); oY, @Z’QY)%Z and @ﬁ%ﬁz satis-
: HY—Z H, X—>Y _ +H X—Z
fies @) 0 Pyipy T = P

Proof. Similar to proof of Proposition 9.1.21. O



A. Paul Page 89 of 126

Remark 9.3.21. The analogous statement for K-theoretic integral transforms follows
from Proposition 9.1.21 and the fact that the map D’(X) — Ky(X), given by E® —
[E*] := >(—1)/[E’], is surjective. However, the map Ky(X) — H*(X,Q) is not

J
surjective, in general. In fact, the image of the Mukai vector map v : Ky(X) —
H*(X,Q) could be very small. Nevertheless, surprisingly we have the following.

Proposition 9.3.22. If P € D*(X x Y') defines an equivalence of categories
®3 7Y DY(X) — D*(Y),
then the induced cohomological integral transform
(9.3.23) Oym " HY(X,Q) = HY(Y,Q)
is an isomorphism of Q-vector spaces.
Proof. Since &3~ is an exact equivalence, we have
Dy 0 OF Y = Id o) cbgjxx and P37 0 &y = 1d oy @éjy’”.

Then by above Proposition 9.3.20, we have

HY—X H X-Y _ +H X—>X
ooy 0Py = Py, and
H,X=Y HY—>X _ HY-SY
Quipy 0 Puipny = Pulon,) -
H, XX

Therefore, it is enough to show that ® Id 7+ (x,q) for any smooth projective

v(Oay) —

C-variety X. For this, using Grothendieck-Riemann-Roch theorem 9.3.8 for the di-
agonal embedding . : X — Ay — X x X and [Ox] € Ky(X), we have

(9.3.24) ch(Oay) - td(X x X) = 1, (ch(Ox) - td(X)) = 1, td(X).

Since */td(X x X) = td(X), dividing both sides of (9.3.24) by /td(X x X), we
have

(9.3.25) v(Oay) = ch(Oay) - VEA(X x X) = 1.(1).
Therefore, for any § € H*(X,Q), we have
yon) (8) = D2, (0(Oay) - i (B))
= p2.(1:(1) - pi5)
= pa. (1:(1- piB)) = 6.

This completes the proof. O

We shall show that the above Q-linear isomorphism @ig{)ﬁy in (9.3.23) is, in fact,

an isometry with respect to a natural quadratic form on H*(—,Q), known as the
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Mukai pairing:
(9.3.26) (v, V) = / exp (%cl(X)) (0¥ ),
b

where forv = >"v; € @ H’(X,C) we defineits dual v" := )" (v—l)jvj e P H(X,C),
J J J J
and ¢;(X) := ¢;(TX). More precisely, we shall show that

(9327) (Boimy " (@), @y ™ (B)), = (o Blx, Vo B € H'(X, Q).

Definition 9.3.28. For E*, F* € D*(X), we define
X(E*, F*) := > (—1)’ dimy, Ext/ (E*, F*).
J

Let &2~V : D(X) — D®(Y) be an equivalence of categories. Then the naturally
induced isomorphism of k-vector spaces

(9.3.29) Exty (E®, F*) = Ext}, (P37 (E®), &5 7Y (F*))
gives
(9.3.30) X(E®, F*) = x(Pp 7V (E®), 7 (F*)).

We shall see that both sides of (9.3.30) can be interpreted as natural bilinear pairing
of Mukai vectors in H*(—, Q), known as the Mukai pairing.

Since X is a smooth projective k-variety, replacing £* and F** with bounded com-
plexes of locally free coherent sheaves of Ox-modules isomorphic to them in D°(X),
one can show that

(9.3.31) X(E®, F*) = x(X, (E*)" ® F*).

Then by Hirzebruch-Riemann-Roch formula, we have

VB F*) = y(X, (B*)Y ® F*) / ch(E*) - ch(F*) - td(X)

_ /X (ch(E*Y) - Vtd(X)) - (ch(F*) - /td(X))
(9.3.32) = /X v(E*Y) - u(F*).

Now we need to determine v(E*") in terms of v(E*). For this, we need the following
notion of dual vector.

Definition 9.3.33. For a = >_ o, € @ H*(X,Q), we define its dual vector

a’ = Z(—l)iai € @H%(X, Q).

i
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Clearly, for any o = Z a;, B = Z B; € EB H?(X,Q), we have
(o + B)V =a'+ (Y, and
(9.3.34) @' B =" ()i B = (- B)".
[
Lemma 9.3.35. With the above notations, we have
o(B™) = ch(E™) - Vid(X) = v(E*)" - exp (%q()()) ,
where c1(X) == c1(TX).

Proof. Recall that, for any locally free coherent sheaf of O x-modules F on X, we have
ci(EV) = (-1)'¢;(E) and ch;(EY) = (—1)* ch;(E), for all i > 0. Therefore, we have

ch(E®)" = (Z(—l)ich(Ei)> = (Z (Z(—l)ichj(E"))>

= Z Z )" ch; (EZ))
= Z Z )’ ch,(E")
= Z (—1) Zehj ((E")Y) = ch(E*Y).

Then we have,

v(E*)Y = (ch(E®) - td(X))" = (X))
oy AT _ ¢— o(E),

td(x)

Therefore, it suffices to show that \/td(X) = /td(X " .exp(e1(X)/2) or, equivalently,
td(X) = td(X)Y - exp(c1(X)). Since Todd class is multlphcatlve using splitting prin-

cipal, we can write it as td(X) = — . Using multiplicative property of dual
p 1—exp(— g p p p Y

as in (9.3.34), we have td(X)" = H Tp(%) Then using additivity of ¢; we have,

td(X) . Vi 1 —exp(7;) B NP
td(X)Y H 1 — exp(—v;) 1;[ = [T exp(i) = exp(ei(TX)).

%

Hence the lemma follows. O

With the above observations in mind, it is natural to extend the Definition 9.3.33
to the following.
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Definition 9.3.36. For a = > o; € @ H’ (X, C), we define its dual
J J
o’ =Y (V-1)o; € P H/(X,C).
J J
Clearly, the above definition of dual vector is compatible with Definition 9.3.33.

Definition 9.3.37. The Mukai pairing on H*(X, C) is a quadratic form defined by

(9.3.38) (a, B) x = /Xexp (%cl(X)) (Y B).

Here (" - f3) is the intersection product. Now it follows from (9.3.32) and Lemma
9.3.35 that

X(E®, F*) = / v(E*Y) - v(F*)
X
(9.3.39) - / o(E*)” - exp GCI(X)) o(F*) = (u( ), o(F*)) .
b
Note that, the Mukai pairing is non-degenerate C-bilinear pairing on H*(X, C).

Remark 9.3.40. (i) Itis clear from the above Definition 9.3.37 that if ¢;(X) = 0, then
(, )y is symmetric if dim(X) is even, and alternating if dim(.X) is odd.
(ii) If py : X x Y — Y is the projection morphism, then for any o € H*(X x Y,C)
we have,
(pY*(Oé))V = (—1)dim(x)py*(av)~

Proposition 9.3.41 (Andrei Caldararu). Let &5~ : D*(X) — D*(Y') be an equivalence
of categories. Then the induced cohomological Fourier-Mukai transform

ol HY(X,Q) — HY(X,Q)

is isometric with respect to the Mukai pairing; i.e., for all o, f € H*(X,Q), we have
(@yp) " (@), @y " (B)), = (e, B x

Proof. Since 3" is an exact equivalence of categories, dim(X) = dim(Y") = n, say.
Since @ﬁ’%_w is a Q-linear isomorphism (see Proposition 9.3.22), it is enough to show

that,
(9.3.42) (@7 (@), B) = (o, (D57) B

forall « € H*(X,Q) and 8 € H*(Y,Q). Since ®3 Y is an equivalence of categories,
by Proposition 9.1.17 &3 " is a quasi-inverse of ®3~", where P, = P¥ ® p} (wy)[n]
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and n = dim(X) = dim(Y’). Then by Proposition 9.3.20, (@i’%_’y)*l = (I)UH(vé)_’Y,
Note that,

v(PL) = v(P” @ pywy|n]) = (=1)"0(P") - ch(pywy)

(9.3.43) (=1)"0(P") - py exp(—c(Y)).

Now using multiplicative property of dual vectors (see (9.3.34)), Remark 9.3.40 (ii),
Lemma 9.3.35 and equation (9.3.43), we have

@5 (), 8),

= [ )2 (. (0(P) - pia)) -5

= 1" [ e/ pr. (o) pxa)”) -

— " [ (@ )/2) - oP)” - (pka) by

— " [ (@ (V)/2)  oPY) - exp(—ar (X x V)/2)- (k) 5
= [ kexpla(X)/2) - pia - u(P) i

= /X exp(c1(X)/2) - CYVPX*(U(PL) p;ﬁ)

= (a, 2 7V (8)

This completes the proof. O

9.4. Derived Torelli theorem for complex elliptic curves. Let C' be a complex ellip-
tic curve. We would like to know if we can reconstruct C' from its bounded derived
category D°(C'). Since the canonical line bundle wc is trivial, Bondal-Orlov’s recon-
struction theorem 8.1.1 does not applies here. However, by analyzing Hodge struc-
ture under cohomological Fourier-Mukai transforms, we can recover C from D*(C)
as follow.

Let X be a connected smooth projective variety over C. By Hodge theory, for each

i=0,1,...,2dimc(X), we have a direct sum decomposition
(9.4.1) H'(X,C)=H'(X,Q@C=  H"(X),
pt+q=t

with Hr4(X) = H??(X). Moreover, H?(X) = H1(X, Q). Since the Chern classes,
and hence all characteristic classes, are algebraic (i.e., of the type (p,p)), the Mukai



Page 94 of 126 Notes on derived category

vector map factors through the algebraic part of the cohomology

(9.4.2) v(=) = ch(=)-/td(X) : Ko(X) — @ HP(X) N H”(X, Q).

Then we have the following.

Proposition 9.4.3. Let X and Y be connected smooth complex projective varieties. Let
P e DX xY). IfoX7Y . DY(X) — DY) is an equivalence of categories, then the

induced cohomological Fourier-Mukai transform (I)H( )§ 7Y HY(X,Q) — H*(Y,Q) gives
isomorphisms
(9.4.4) P BrX) = @ H(Y), Vi=0,+1,..., +dime(X).

pP—q=i p—q=i

Proof. Since ®5 Y is an equivalence of categories, the induced Q-linear homomor-
phism @ﬁ’%ﬁy : H*(X,Q) — H*(Y,Q) of rational cohomologies is an isomorphism
by Proposition 9.3.22. Therefore, it is enough to show that its C-linear extension
(obtained by applying (—) ®q C)

OIX=Y . (X, C) — H*(Y,C)

v(P)
satisfies
cbf(;fﬁy (HM(X)C P H=(Y
r—s=p—q
For this, let
(9.4.5) > TR B

with o7 € HP(X) and 8™ € H™(Y), be the Kiinneth decomposition of v(P) =
P) - /td(X x Y). Since the cohomology class v(P) is algebraic (i.e., of type (¢,1)),
only terms with p’ + r = ¢’ + s contributes in (9.4.5).

Let o € HP?(X) be such that @i’%ﬁy(a) = py, (v(P) - pka) € H™(Y). We need to

show that (r, s) satisfies 7 — s = p — ¢. Note that, by above assumption, only terms in
(9.4.5) with

(p,q) + (¥, ¢') = (dim(X), dim(X))
contribute to @ﬁg)ﬁy(a). Hencep —q=¢ — p' = r — s. In fact, we have

@Hﬁry(a):ZUaAaM)ﬂ”e P =Y

r—s=p—q

This completes the proof. O

Theorem 9.4.6. Let C' be an elliptic curve over C, and let C' be any connected smooth
projective variety over C. If there is an exact equivalence of categories F : D*(C') — Db(C"),
then C = C" as complex varieties.
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Proof. Since F' is an exact equivalence, we have dim(C”) = dim(C') = 1. Denote by
g(C") the genus of the curve C". If g(C") # 1, then wer is either ample or anti-ample,
and hence C' = (' by Bondal-Orlov’s reconstruction theorem 8.1.1, which is not
possible since C' is an elliptic curve. Therefore, g(C’) = 1, i.e., C' is an elliptic curve.

Now by Orlov’s representability theorem 9.1.28, there is an object P € D*(C x ("),
unique up to isomorphism, such that F = ®$~¢". Since v(P) = ch(P) - /td(C x ")
is algebraic (i.e., of type (¢, 1)), the induced cohomological Fourier-Mukai transform

(9.4.7) ®ls 7Y HY(C,Q) — H*(C',Q)
is a Q-linear isomorphism satisfying

o5 (H'Y(C,Q)) = H'(C',Q), and

(9.4.8) ®ls 7 (H(C,Q) & H*(C,Q)) = H(C',Q) & H*(C', Q).
Recall that, the weight 1 Hodge structure determines the elliptic curve completely.
More precisely, we have C = HY(C)*/H,(C,Z) = H"(C)/H'(C,Z).

Therefore, it suffices to show that the induced cohomological Fourier-Mukai trans-
form in (9.4.7) descends to

(9.4.9) ol HY(C,Z) — H(C',Z).

Since C' and (" are elliptic curves over C, we have td(C x ') = 1 and ch(P) = r +
c1(P)+3(c}(P)—2¢2(P)). Note that, the degree 4 term 5(c5(P)—2c2(P)) could a priori
be non-integral. However, this term does not contribute to H'(C,Q) — H'(C', Q).
Hence the result follows. O

Remark 9.4.10. It turns out that, chy(P) = 3(c}(P) — 2¢2(P)) is also integral.

9.5. Canonical ring and Kodaira dimension. In this subsection, we briefly recall the
notions of canonical ring and Kodaira dimension of a smooth projective k-variety,
and use Fourier-Mukai functor to show derived equivalence implies isomorphism
of canonical rings, and hence equality of Kodaira dimensions.

Definition 9.5.1. Let X be a smooth projective k-variety and L a line bundle on X.
The Kodaira dimension of L on (X) is the integer kod(X, L) := m such that the function
(9.5.2) 7 — 7, €+ hO(LY) := dim;, H°(X, L")

grows like a polynomial of degree m, for ¢ > 0. If h°(L*) = 0, for all ¢ > 0, we

define kod(X, L) = —oo. The integer kod(X) := kod(X,wx) is called the it Kodaira
dimension of X.

For a line bundle L on X, the linear system |L| defines a rational morphism ¢, :
X --» ]PZO(L)_I. The associated graded k-algebra R(X, L) := @ H°(X, L") is called

>0
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the canonical ring of L. If kod (X, L) > 0, it turns out that
kod(X, L) = max{dim(Im(py:)) : i > 0}
— trdeg Q(R(X, L)) — 1,
where Q(R(X, L)) is the field of fractions of R(X, L). Moreover, we have kod (X, L) <
kod(X), for all L € Pic(X). It is a well-known fact that Kodaira dimension is bira-

tional invariant, i.e., if X and Y are two birational smooth projective k-varieties, then
kod(X) = kod(Y).

For a smooth projective k-variety X, we define R(X) := R(X,wx) = @ H°(X,w%).
>0
Proposition 9.5.3 (Orlov). Let X and Y be smooth projective k-varieties. If there is an
exact equivalence F' : D(X) — DY), then R(X) = R(Y) as graded k-algebras. In
particular, kod(X) = kod(Y').

Remark 9.5.4. Since we are not assuming wx is ample or anti-ample, we cannot con-
clude if Oy is an invertible object in D’(X). Therefore, one cannot apply the argu-
ments given in Step 1 and 2 of the proof of Bondal-Orlov’s reconstruction Theorem
8.1.1 to obtain the above result! Here we need Orlov’s representability theorem and
Fourier-Mukai functors to prove this result.

To prove Proposition 9.5.3, we need the following result, which is easy to check.

Proposition 9.5.5. Let X, Xy, Y) and Y, be smooth projective k-schemes. For eachi = 1,2,
consider the objects P; € D°(X; x Y;), and denote by Py X Py € Db((X; x V) x (X x Y3))
their external derived tensor product.

(i) Consider the induced integral functors ®p, : D*(X;) — DY), for i = 1,2, and
Pp,p, 1 DP(X) X Xo) — DU(Y) x Yy). Then there is an isomorphism

(9.5.6) Dpymp, (E7 K E3) = Op, (E7) K p, (E3)

which is functorial in Ef € D*(X;), forall i = 1,2.
(it) If &p, : D°(X;) — D(Y;) is an equivalence of categories, for i = 1,2, then

Opp, : DP(X1 x Xy) — DP(Y] x Y5)

is also an equivalence of categories.
(iii) For R € D*(X; x X5), let S = ®p,p,(R) € D*(Yy x Yy). Then the following diagram

commutes.
@71;1—9(1
D*(X) = D*(Y1)
(9.5.7) %L l%
P
DY(X,) ————= D'(Y,)
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(It should be noted that, P, is used in the above diagram to define integral functor in
the opposite direction).

We use the above Proposition with X; = X, = X, Y, =Y, =Y, P, = P and
P, = Q in the proof of Proposition 9.5.3 below.

Proof of Proposition 9.5.3. By Orlov’s representability theorem 9.1.28, there is an object
P € D(X xY), unique up to isomorphism, such that F' =~ ®x~Y . In particular, the
left adjoint and the right adjoint functors of 3",

(9.5.8) % DY) = D*(X) and ®;%:D"(Y)— D'(X),
respectively, are isomorphic, and hence by uniqueness (up to isomorphism) of kernel
in Orlov’s representability theorem 9.1.28, we have
(9.5.9) PY @ pywy[n| =: P, = Pg =P’ ® pkwx[n],
where n = dim(X) = dim(Y) (c.f., Proposition 8.2.1).

Now we show that, the functor (note the change of direction from (9.5.8))
(9.5.10) o5 D'(X) = DY)
is also an equivalence. Since the composite functor
(9.5.11) Db(X) 22 Dh(y) P8 po(x)
is isomorphic to the identity functor on D’(X), again by uniqueness (up to isomor-
phism) of kernel, we have P * Pr := p13, (p>{273 ® p§3733) = Opy-

Y x X

~ P23
J12

XxY <Xy x X< XxYxX

~

P23 P13
P32
p13

YxX —+XxY XxX<—"—XxX

~

Applying the automorphism 735 : X x X — X x X, which interchanges two factors,
we have
Oay = 715,0a, = o013, (P12 P @ P33 Pr)
= P13, 713 (P12 P ® P33 Pr)
= 3. (P3P ® P51 Pr)
(9.5.12) = P13, (P1oPr ® Py P) -
Therefore, the composite functor

PXY Y =X

(9.5.13) DA(X) 28 DhY) TP Db(X)
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is also isomorphic to the identity functor on D*(X). Since ®}, ¥ is adjoint to ®3 ",
we conclude that ®3 7" is fully faithful.

Now interchanging the role of P and Q := P = Py, and using the fact that @5—“
is the quasi-inverse of &3 " and hence ®}, 7~ is fully faithful, the same argument
shows that the composite functor

(9.5.14) DM(Y) 25 Db(X) 2% Dh(Y)
is also isomorphic to the identity functor on D*(Y'). Therefore, 37" : D*(X) —
D*(Y') is also an equivalence of categories.

By Proposition 9.5.5 the external derived tensor product Q X P € D’((Y x X) x
(X xY)) = D'((X x X) x (Y xY)) defines a Fourier-Mukai equivalence functor
Pogp : DP(X x X) — DP(Y x Y), and if we define

(9.5.15) S = Pogp(wy) € D'(Y xY),

where 1 : X — Ay C X x X is the diagonal embedding, then ®s : D*(Y) — D*(Y)
is an equivalence of categories, which can be computed as the composite functor

%9)

[
(9.5.16) DY) =% Dh(X) 5 DY(X) 2B Db(Y).
Since X ¥ = S%[—in], where S is the Serre functor on X and n = dim(X), and
*EX
since any equivalence of derived categories D*(X) — D’(Y) commutes with Serre
functors Sy and Sy, we conclude that
>~ dp o By o Si[—in]
(9.5.17) = Syl—in] = o] 7

wherej : Y — Ay C Y x Y is the diagonal embedding of Y. Then by uniqueness
(up to isomorphism) of kernel in Orlov’s representability theorem (Theorem 9.1.28),
we conclude that S 2 j,w!.. Then from (9.5.15) we have

(9.5.18) Pomp (L) = juwl, Vi€Z.

Since @ gxp is an exact equivalence of categories, we have

(9.5.19) Hom pi(x « x) (L, L% ) = Hompi(y vy (w3, uwy ), ¥V p,q € Z.

Putting p = 0 and ¢ arbitrary, the above isomorphism gives a k-linear isomorphism
H°(X,w%) = Homps(xy x) (t:Ox, awh)

& Home(YXY) (j*OY7 ]*ng/)
(9.5.20) = H(Y.wy).



A. Paul Page 99 of 126

As we have already seen in the Step 1 of the proof of the Theorem 8.1.1, the multi-
plicative structure of the canonical graded ring R(X) := @ H°(X,wY%) can be given
i>0
by compositions, and hence is compatible with any exact functor. Therefore, the
k-linear isomorphisms in (9.5.20) gives an isomorphism of graded k-algebras
(9.5.21) R(X):= P H (X, w}) = RY) = P H(V,w}).
i>0 i>0

This completes the proof. 0

Remark 9.5.22. An immediate consequence of the above Proposition 9.5.3 is that
kod(X) = kod(Y). Itis clear from the above proof that F' gives rise to an isomorphism
of graded anti-canonical k-algebras R(X,wy) = R(Y,wy ), and hence kod(X,wy) =
kod(Y, wy ). The above Proposition 9.5.3 also provides an alternative proof of Bondal-
Orlov’s reconstruction theorem (Theorem 8.1.1) when both wx and wy are ample or
anti-ample.

9.6. Derived Torelli theorem for K3 surface. Let k be a field. A k-variety is a sepa-
rated geometrically integral finite type k-scheme.

Definition 9.6.1. An algebraic K3 surface over k is a proper smooth k-variety X of
dimension 2 such that wy = Ox and H'(X, Ox) = 0.

It is a well-known fact that, any smooth proper algebraic surface over an alge-
braically closed field is projective. Therefore, an algebraic K3 surface defined over
an algebraically closed field is always projective.

In complex geometry, a K3 surface is a compact complex manifold X of dimension 2 with
trivial canonical bundle and H* (X, Ox) = 0. This definition includes non-projective K3
surfaces. However, it turns out that any complex K3 surface is Kdhler (not easy to
see).

The complex analytic manifold X,, associated to a complex algebraic K3 surface
X is again a K3 surface over C. Moreover, the natural functor sending X to X,, (by
Serre’s GAGA principal) gives a full embedding of the category of complex algebraic
K3 surfaces into the category of complex K3 surfaces.

Proposition 9.6.2. Let X be an algebraic K3 surface over C. Let Y be a smooth projective
variety over C. If there is an exact equivalence of categories F' : D*(X) — D*(Y), then Y is
an algebraic K3 surface.

Proof. Hodge theory for a smooth complex projective surface S gives a direct sum
decomposition (for each i > 0), H'(S,C) = @ HP4(S), with

pt+gq=t

(9.6.3) Hra(S) = H'(S) and HP9(S) = H(S, %),
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for all p,¢ > 0. Since F is an exact equivalence of categories, Y is a surface with
wy = Oy by Proposition 8.2.1. Since Q% = Og, for S € {X, Y}, using (9.6.3), we have

(9.6.4) Y (X) =N (X) = h"(X) and AM3(Y) = h*(Y) =RONY).

By Orlov’s representability theorem 9.1.28, there is an object P € D’(X x Y'), unique
up to isomorphism, such that F = &X' For i = —1, the functor F' = 2" induces
an isomorphism

(9.6.5) HOYX) o HY(X) — H"' (V) H2(Y),

(see Proposition 9.4.3). Since X is a K3 surface, using (9.6.5) and (9.6.4) we have

WY, 0p) = IH(Y) = S(HH (V) + B2(Y))
— %(h‘“(X) +RY(X)) = BPY(X) = hL(X, Ox) = 0.

Hence the result follows. O

Let X be a smooth projective surface over C. Let E be a locally free coherent sheaf
of Ox-modules on X. Then by Hirzebruch-Riemann-Roch formula (Corollary 9.3.9),
we have

9.6.6) _ %(cf(X) L e(X) + %CI(E)Q (X)+ %(cf(E) 26(E)).

Putting £ = Oy in (9.6.6) we get Max Noether’s formula (c.f., [Har77, p. 433])

L (@00 + ().

9.6.7) \(0x) = —

Now assume that X is an algebraic K3 surface over C. Then 2°(X,0x) = 1 and
h*(X,Ox) = 0. Therefore, by Serre duality, h*(X,Ox) = h°(X,Q%) = 0, and hence
X(X,0x) = 2. Since wy is trivial, ¢;(X) = 0. Therefore, interpreting c,(X) as the
topological Euler number e(X) := >_(—1)'b;(X), we have e(X) = 24. Since H*!(X) =

1>0

H'(X,0x), Hodge decomposition H'(X,C) = H'°(X) & H*'(X) gives b(X) = 0,
and hence by Poincaré duality, b3(X) = 0. Then we have
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Moreover, the Hodge diamond for a K3 surface looks like

h2?2 1
h2! W2 0 0
(9.6.9) k2.0 Qi1 h0-2 1 20 1
P10 ho! 0 0
hO’O 1

If L € Pic(X), then for o = ¢;(L) € H*(X,Z), it follows from Hirzebruch-Riemann-
Roch formula (9.6.6) that the self intersection number of « is even:

(9.6.10) o =2x(L) —4€2Z.

Remark 9.6.11. More generally, for compact Kdhler manifold with ¢;(X) = 0, one
can show that the self intersection pairing

(9.6.12) (,): H¥X,Z) x H*(X,Z) — Z

iseven (i.e., o := (o, a) € 2Z, for all « € H*(X, Z)). From topological point of view,
the evenness of the intersection pairing also follows from the vanishing of second
Stiefel-Whitney class.

Since for any smooth compact complex surface X, the the Hodge-Frolicher spec-
tral sequence
(9.6.13) HY(X,0%) = H"™(X,C)
degenerates at page E;, we have an isomorphism of complex vector spaces
(9.6.14) HY(X,C) = HY(X,O0x)® H(X,Q%).
The (exponential) short exact sequence of sheaves of abelian groups
exp

(9.6.15) 0—Z—0x — 05 —0

gives a long exact sequence of cohomologies

(9.6.16) 0 —H'Y(X,Z) — H'(X,0x) — H'(X,0%) = H*(X,Z)
(9.6.17) — H*(X,0x) — H*(X,0%) — H*(X,Z) — 0,

which, for X a K3 surface, gives H'(X,Z) = 0 since H'(X,Ox) = 0. Therefore,
H'(X,C) = 0, and we get H°(X,Q%) = 0 for free! In other words, a complex K3
surface has no non-zero global vector fields. Since H'(X,Z) = 0, by Poincaré duality
H3(X,Z) = 0 up to torsion. Also H°(X,Z) = H*(X,Z) = Z.

Remark 9.6.18. It is a non-trivial fact that any K3 surface is simply connected, and
hence H?*(X,Z) is torsion free.
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The most interesting structure on cohomology of a K3 surface X is its weight 2
Hodge structure

(9.6.19) H*(X,C)=H*"(X)® H"'(X) ® H**(X).

Since H*°(X) = HY(X,0%) = H°(X,0x) = C, we have h’?(X) = h*" = 1. Since
H'(X,0x) = 0, the first Chern class map

(9.6.20) ¢ : Pic(X) — H"'(X)N H*(X,Z)

is injective. Since by(X) = 22, this gives an upper bound for the Picard number p(X)
of X (i.e., the rank of Pic(X)):

(9.6.21) p(X) := rk(Pic(X)) < 20.

Remark 9.6.22. Since the Hodge decomposition is orthogonal with respect to the
intersection pairing, it is completely determined by the complex line H*°(X) C
H*(X,C).
Definition 9.6.23. A Hodge isometry between two complex K3 surfaces X and Y is a
group isomorphism
¢: H*(X,Z) — H*(Y,Z)

such that

(i) (intersection product is preserved): (o(a),¢(8)) = (o, 8), ¥ o, 8 € H*(X,Z),

and
(ii) p(H*°(X)) € H*°(Y).

Since H*"(—) = H°(—,w_), the second condition says that » sends holomorphic
global sections of wx to that of wy.

One of the most important theorem for a K3 surface is the global Torelli theorem.
Theorem 9.6.24 (Global Torelli). Let X and Y be two complex K3 surfaces. Then X and
Y are isomorphic as complex varieties if and only if there is a Hodge isometry

¢0: HY(X,Z) — H*(Y,Z).

Moreover, if @ maps at least one Kihler class of X to a Kihler class of Y, then there is a
unique isomorphism f : X — Y such that f, = .

A natural question to ask at this point if there is a cohomological criterion to decide
equivalence of bounded derived categories of K3 surfaces? This is given by derived
Torelli theorem for K3 surface. For this, we need some preliminary results.

Recall that, for E®* € D°(X), its Mukai vector
(9.6.25) W(E*) = ch(E*) - /td(X)
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is algebraic, and hence lies in H! (X ) C H(X,Z). Since c1(X) = 0 for X a K3 surface,
wehave td(X) = 1+3c1(X)+15 (3 (X)+e2(X ) = (X)) /12 = x(X, Ox) = 2 (see Max
Noether’s formula (9.6.7)). Therefore, td(X) = (1 0 2) and hence /td(X) = (1,0, 1).

If we write v(E*®) = (vo(E®),v1(E*®),v2(E®)) € H *(7 Z), then we have

9626)  (00(E"), va(E*), vo(E")) = (1k(E*), 2 (B*), 1k(E*) 4+ LA (E*) — ea( 7).

Since the intersection pairing on H?*(X,Z) is even for X a K3 surface, the Mukai
vector v(E*®) is an integral cohomology class.

Lemma 9.6.27 (Mukai). Let X and Y be two complex K3 surfaces. Then for any E* €
D*(X xY), it Mukai vector v(E®) is an integral cohomology class (i.e., v(E®) € H*(X x
Y, 7).

Proof. Recall that, v(E*®) := ch(E®) - /td(X x Y). If we write \/td(X) = (r,¢,s) €
H*(X,Q), then td(X) = (r?,2re, 27"3) Since ¢;(X) = 0 and c(X) = 24, for X a

2
K3 surface, we have td(X) = 1+ 1c1(X) + £ ((X) + (X)) (1,0,2). Then

td(X) = (r,¢,5) = (1,0, 1), and we can compute /td(X x Y) as

(9.6.28) V(X xY) =75 1/td(X) - mp/td(Y) = 7% (1,0, 1) - 75(1,0,1) ,

where 7x : X xY — X and 7y : X x Y — Y are projection morphisms. Therefore,

it is enough to show that ch(E*®) € H*(X x Y,Z), for all E* € D*(X x Y. Note that,
1

9629 ch(B*) = (1k(E*),cx(B), S (A(E?) = 262(E?)), chy(B*), chy( 7))

where rk(E£*®) and ¢, (E*®) are certainly integral classes. The Kiinneth formula gives

H*(X xY,Z)= @ H"(X,Z)® H'(Y,Z) = H*(X,Z) & H(Y,Z),

p+q=2

since H°(—,Z) = Z and H'(—,Z) = 0 for complex K3 surfaces. Therefore, ¢;(E®) €
H?*(X x Y,Z) can be written as

c1(E®) = mxa @7y 5,
for some a € H*(X,Z) and 8 € H*(Y,Z). Then
A(E®) = mia® + 2mha - T B + T B2,
which is even because the self intersection product on H?(—,Z) is even for K3 sur-
faces. Therefore, chy(E*®) = 1 (ci(E®) — 2cy(E*)) is integral.

Now it remains to show that ch;(E*®) and ch,(E*®) are integral. Since Todd class is
multiplicative, using Grothendieck-Riemann-Roch theorem (Theorem 9.3.8) for the
projection map my : X X Y — Y, we have

(9.6.30) ch(my | E®) = 7y, (ch(E®) - 7% td(X)) .
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Note that the self intersection pairing on H?*(—,Z) being even for K3 surfaces,
1

(9.6.31) ch(=) =rk(=) +c1(—) + 5((:%(—) + 2¢5(—))

is integral. Consider the Kiinneth decomposition

4
(9.6.32) > chi(E*) =ch(E®) = ) At
i=0 pg<d

where ! = 7Ty, ® 7y, with o, € HP(X,Q) and 3, € HI(Y,Q), for all p,q €
10,1,2,3,4}. We have seen in the above computation that v/ is integral for p + ¢ <
4. Since td(X) = (1,0,2), from (9.6.30) we have ¢ (my((E®)) = [, 73 + 273, which
implies that 77 is integral. Similarly using Grothendieck-Riemann-Roch theorem for
the projection morphism 7x : X x Y — X, interchanging the roles of X and Y, we
see that 73 is integral. Since 3 and 7?7 are the only terms contributing in ch3(E®), we
conclude that chs(E*) is integral. Similarly, from chy(7y (E®)) = [, 71 + 27, using
integrality of second Chern character (c.f. (9.6.31)), we conclude that 4} is integral,
and hence ch,(E*) is integral. This completes the proof. O

Let X be a K3 surface over C. Since ¢;(X) = 0, for any o = (ag,a1,2),8 =
(Bo, b1, B2) € H*(X,Z) = H'(X,Z) ® H*(X,Z) ® H*(X,Z), the Mukai pairing on X
is given by

(9.6.33) (a, ) = /Xexp (%cl(X))(aV B)=ag-Bs+ g fo—ay- b,

(c.f. Definition 9.3.37).
Remark 9.6.34. It should be noted that, classically Mukai pairing on X is defined by
(9.6.35) (o, a1, @2), (Bo, B1, B2)) x = a1+ 1 — g+ B2 — g+ P,

which differs from the above definition (9.6.33) by a minus sign.

Mukai introduced a weight 2 Hodge structure on H*(X, Z) by declaring H"(X, C)®
H*(X,C) tobe of type (1, 1) and by keeping the standard Hodge structure on H?(X, C).
More precisely,

(9.6.36) HY'(X) = H°(X,C)® H*(X,C) ® H"'(X),
H*°(X) = H**(X) and H°*(X)= H"*(X).

We denote by H(X,Z) to mean H*(X,Z) together with the Mukai pairing and this
weight 2 Hodge structure.
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Definition 9.6.37. Let X and Y be K3 surfaces over C. With the above weight 2
Hodge structure structure on H(—,7Z), a Hodge isometry of two K3 surfaces X and Y
is a group isomorphism

¢: H(X,Z) — H(Y,Z)
such that

(i) (Mukai pairing is preserved): (¢(a), p(8))x = (o, )y, V o, 8 € H*(X,Z), and
(i) @(H>(X)) C H*°(Y).

Remark 9.6.38. Since H*(X,C) =~ C, we have H"'(X) = H(X.C) & H"(X) @
H*?(X); see the Hodge diamond in (9.6.9). Therefore, vanishing of odd cohomolo-
gies together with the condition (ii) in the Definition 9.6.37 ensures that ¢ preserves
that new weight 2 Hodge structure (see (9.6.36)).

Corollary 9.6.39 (Mukai). [Muk87] Let X be a complex K3 surface and Y is a smooth
complex projective variety. Let E* € D*(X x Y). If d57Y : D(X) — DY) is an
equivalence of categories, then the induced cohomological Fourier-Mukai transform @Ii X )_>Y

defines a Hodge isometry (in the sense of Definition 9.6.37)

Ope  H(X,Z) = H(Y,Z).

Proof. By Proposition 9.6.2, Y is also a K3 surface over C. Recall that the Fourier-
Mukai functor ®#%.7Y induces a cohomological Fourier-Mukai transform

Ol HY(X,Q) = HY(Y,Q), a7y (v(E*) - 7ka),

which is an isometry with respect to the Mukai pairing (see Proposition 9.3.41). Now
by Lemma 9.6.27, we have CIDhE X%Y( ) € H*(Y,Z), for all « € H*(X,Z). Since the
quasi-inverse of 4.7 is also a Four1er-Muka1 functor ®3,"¥, applying the above
argument to the corresponding induced cohomological Fourier-Mukai transform

@f( g?x we can conclude that the induced map

(9.6.40) Ope  HY(X,Z) — H*(Y,Z)

is an isomorphism, which is also an isometry with respect to the Mukai pairing.
Therefore, to conclude that <I>HE XTY in (9.6.40) is a Hodge isometry, it is enough
to show that its C-linear extension sends H*°(X) to H?°(Y), which follows from

Proposition 9.4.3. This completes the proof. O

Theorem 9.6.41 (Derived Torelli theorem for K3 surfaces). Let X and Y be two K3
surfaces over C. Then there is an exact equivalence of derived categories D*(X) — D*(Y) if
and only if there is a Hodge isometry H(X,Z) — H(Y,Z).

Since any exact equivalence D’(X) — D*(Y) is isomorphic to a Fourier-Mukai
functor by Orlov’s representability theorem (Theorem 9.1.28), thanks to the above
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Corollary 9.6.39 of Mukai, it remains to show that existence of a Hodge isometry
H(X,7) =s H(Y,Z) implies an exact equivalence of derived categories D*(X) —
D*(Y'). This part, due to Orlov [Orl97], is quite involved. It requires some theories
from moduli space of semistable bundles on K3 surfaces, and some technical tools
on integral functors. Here we give an outline of the proof, and the details would be

filled up later after discussing required technologies.

Proof. Let p : H(X,Z) — H(Y,Z)be a Hodge isometry.

Case 1. If ©(0,0,1) = +(0,0, 1), then one can show that ¢ respect intersection prod-
ucts on H*(—,Z) and sends H*°(X) to H*°(Y), thus producing a Hodge isometry
H?*(X,Z) — H*(Y,Z). Then by Global Torelli Theorem 9.6.24 we have an isomor-
phism f : X — Y such that f, = . This gives us an exact equivalence of categories
DP(X) — D'(Y) in this case.

Case 2. If ¢(0,0,1) = (r,¢,s) =: v with r # 0, then replacing ¢ with —¢, if required,
we may assume that » < 0 (if we want to work with classical Mukai pairing), or r > 0
(if we want to work with the general definition of Mukai pairing). If v" := ¢(—1,0,0),
then (v,v) = 0 and (v,v’) = 1. Then one can apply the following general fact from
the moduli space of bundles over a K3 surface:

If Y is a K3 surface and v, v’ € H(Y,Z) with (v,v) = 0 and (v,v') = 1, then there
is another K3 surface M and a sheaf P on Y x M such that for each closed point
m € M, the Mukai vector of the sheaf P‘YX (my O Y x{m} 2 Y is v, and the integral
functor (with kernel P)

(9.6.42) ®3y~M . DY) — DY(M)

is an equivalence of categories (this could be checked by using a result of Bondal and
Orlov’s, which would be discussed later).

Now in the situation of Case 2, one would use the induced cohomological Fourier-
Mukai transform @UH(%HM : H(Y,Z) — H(M,Z) to show that the composite homo-
morphism

H,Y M

(9.6.43) ¢ H(X,Z) 2 HY,z) "% H(M,Z)

satisfies ¢(0,0,1) = (0,0, 1). Then using Global Torelli theorem, as argued in Case 1,

one finds an isomorphism of X with M, which gives an exact equivalence D°(X) —
D*(M). Since ®F* : D*(M) — D(Y) is an exact equivalence (c.f., (9.6.42)), the
result follows.

Case 3. Suppose that ¢(0,0,1) = (0,4, s) =: v, with ¢ # 0. Then use a Hodge isometry

(9.6.44) ay,z) PN gy, ),
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for some L € Pic(Y'), to see that

(9.6.45) exp(er(L))(0,£,5) = (0. 6,5 + (ea(L), )
[To be completed...] O
Remark 9.6.46. In general, the cohomological Fourier-Mukai transform (IDi’E)fTY need

not preserve cohomological degree. In fact, it need not give a Hodge isometry
H?*(X,Z) —» H?*(Y,Z) in the sense of Definition 9.6.23; for otherwise by Global
Torelli theorem (Theorem 9.6.24) it would give an isomorphism of X with Y, which
is not true in general.

In fact, for each K3 surface X there are only finitely many non-isomorphic K3
surfaces Y with exact equivalence D*(X) — D!(Y). More surprisingly, for each
positive integer n > 1, there is a K3 surface X with at least n non-isomorphic Fourier-
Mukai partner Y (proof of this result, due to Oguiso [Ogu02], depends on a result
on “almost primes” from analytic number theory).

9.7. Geometric aspects of kernels of Fourier-Mukai functors. In this subsection,
we discuss a series of technical but useful results that shed light on the geometry of
the support of the kernel of an integral functor

(9.7.1) O3V DP(X) — DU(Y).

When P is a locally free coherent sheaf on X x Y (e.g., when P is the Poincaré sheaf
on the product of abelian variety and its dual), noting interesting can be said about
the geometry of its support Supp(P), which is just X x Y. However, when the kernel
P is supported on a smaller subvariety of X x Y (e.g., a graph of a morphism or a
correspondence), then it encodes interesting geometric relation between X and Y.
This usually happens when the canonical bundles of the variety has some kind of
positivity property.

Let X be smooth projective k-variety. Recall that the support of an object £* €
Db(X), which we denote and define by

(9.7.2) Supp(E*) := U Supp (H'(E*)),

is a closed subset of X with possibly many irreducible components. Note that, for
any line bundle L on X, we have Supp(E* ® L) = Supp(E*).

Lemma 9.7.3. For any E* € D*(X), we have Supp(E*) = Supp(E*").

Proof. Consider the spectral sequence

(9.74)  EPT.= &t (W I(E®),Ox) = EPM = &t*T9(E*, Ox) = HPH(E*Y).
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It follows from the above spectral sequence that Supp(£*") C Supp(E®). Since
E*YY = E*, we get the reverse inclusion, which completes the proof. O

Let X and Y be smooth projective k-varieties. Let P € D’(X x Y), and consider
the integral functor
(9.7.5) XY DM(X) — DY), E*— py,(P@pyE®)
with kernel P. Recall that the left and the right adjoint of 2" are integral functors
with kernels P;, := PY ® pywy [dim(Y')] and Pr := P ® piwx[dim(X)], respectively.
Then from the above Lemma 9.7.3 we have,
(9.7.6) Supp(P) = Supp(P") = Supp(PL) = Supp(Pr)

When @5 is fully faithful, by uniqueness of kernel (up to isomorphism) ensured by
Orlov’s representability theorem (Theorem 9.1.28) we have

(9.7.7) P @ pywx|[dim(X)] = P @ pywy [dim(Y)].

Moreover, when dim(X) = dim(Y) (e.g., if ®p is an equivalence of categories), we
can further deduce that

(9.7.8) H'(P) @ phwx £ H (P) @ prwy, Viel.

Lemma 9.7.9. With the above notations, if 57" : D*(X) — DY) is faithful, then the
natural projection morphism

(9.7.10) pX‘Supp(P) : Supp(P) — X

is surjective. Moreover, there is an integer i and an irreducible component Z of H'(P) which
projects onto X.

Proof. Consider the spectral sequence
(9.7.11) ERT:=Tor_, (HU(P),pxk(z)) => E*T":=Tor_sq) (P, pxk(z)) .

If the projection map Supp(P) — X were not surjective, there would be a closed
point x € X with x ¢ px(Supp(P)). Then the above spectral sequence could be used
to show that the derived tensor product Pp% k(z) is trivial, and hence %Y (k(x)) =
Py (P@pik(z)) = 0in D°(Y'), which is absurd since &3~ is faithful by assumption.
Since X is irreducible, the last assertion follows. O

Remark 9.7.12. Since Supp(P) = Supp(Pr) = Supp(Pr), when &x7Y : D*(X) —
Db(Y) is an equivalence of categories, one can conclude that the natural projection
morphism Supp(P) — Y is also surjective. However, the integer i and the irre-
ducible component Z of H‘(P) could be different for two different projections.

Definition 9.7.13. Let Z be a proper k-scheme.



A. Paul Page 109 of 126

(i) A line bundle L on Z is called nef if for any complete reduced curve C over k
and any morphism of k-schemes ¢ : C' — Z, we have deg(¢*L) > 0.
(ii) Aline bundle L on Z is said to be numerically trivial if both L and its dual LY are
nef.
(iii) Two line bundles L and L’ over Z are said to be numerically equivalent if for any
morphism of k-schemes ¢ : C' — Z, with C' a proper reduced curve over k, we
have deg(¢*L) = deg(p*L’).

Remark 9.7.14. Replacing ¢ : C' — Z with its image C' = ¢(C) C Z, it suffices
to check the above criterion with proper reduced curves over k that are embedded
inside Z. Furthermore, considering the normalization of C, it suffices to check the
above criterion for smooth proper curves C' embedded in Z.

Lemma 9.7.15. Let p : Z — W be a projective morphism of proper k-schemes. Let L &
Pic(W).

(i) If L is nef, then p*L is nef.

(ii) If p is surjective, then L is nef if and only if p* L is nef.

Proof. Since for any morphism of k-schemes ¢ : ' — Z with C' a reduced proper
curve over k, (p o ¢)*L = ¢*(p* L), the first assertion follows.

To see the second assertion, for any morphism of k-schemes ¢ : C' — W, with C
an integral proper curve over k, we construct a ramified cover 7 : C = CofC by an
irreducible curve C such that Yon: C' — W factors through Z.

Since a dominant projective morphism of k-schemes C' Xy Z — C admits a (multi)
section (this can be seen by embedding C xy Z into some C' x P} and intersecting
it with a generic linear subspace of P}’ of appropriate degree), such a ramified cover
e C — C exists. Since

deg(¢"(p"L)) = deg(n" (L)) = deg(n) - deg(¢L),
and p*L is nef by assumption, the result follows. O

Lemma 9.7.16. Let C' be a complete reduced curve over k and let p : C — X x Y
be a morphism with image inside Supp(P). If there is an exact equivalence of categories
F: DY X) — DY), then

(9.7.17) deg (go*p}wx) = deg (gp*p;wy).

In other words, the pullbacks pwx and pj wy are numerically equivalent.
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Proof. By Orlov’s representability theorem, there is an object P € D*(X x Y'), unique
up to isomorphism, such that F' = XY, As remarked above, we may assume that
C'is integral and smooth so that ¢(C) C Supp (H/(P)) for some i. Then the pullback
©*H'(P) is a coherent sheaf on C, which is locally free out side a finite subset of C.
Going modulo the torsion part T'(¢*H'(P)) of ¢*H'(P), we find a non-zero locally
free coherent sheaf F' := p*H!(P)/T(¢*H(P)) of rank r > 0 on C. Since 5" is an
equivalence of categories, using Orlov’s theorem one find that

(9.7.18) P ®pywx =P @ pywy,

and hence H'(P) @ piwx = H'(P) @ pywy. Pulling back to C, we have F'® p*piwy =
F®¢*pywy. Then taking r-th exterior power both sides, we have ¢*piw’ = ¢*pj wy..
Comparing degrees both sides, the lemma follows. O

Remark 9.7.19. Tensoring (9.7.18) with w} ® wy, we have P ® w} = P ® wy.. Then
the same argument as in the above proof shows that deg(p*piwy) = deg(¢*pywy).

Corollary 9.7.20. If there is an exact equivalence of categories ' : D*(X) — D*(Y), then
wx is numerically trivial if and only if wy is so.

Proof. By Orlov’s representability theorem, F' = ®X~Y, for some P € D*(X x Y).
Suppose that wx is numerically trivial. Then for any reduced proper curve C over k
and any morphism of k-schemes ¢ : C' — X x Y, we have deg (¢*piwx) = 0. Then
pg‘/wY‘Supp(P) is numerically trivial by Lemma 9.7.16. Since the natural projection
morphism py : Supp(P) — Y is surjective (see Lemma 9.7.9), wy is numerically
trivial by Lemma 9.7.15. O

Corollary 9.7.21. Let P € D*(X x Y) and &3~ : D*(X) — D®(Y') a Fourier-Mukai
equivalence. If Z C Supp(P) is a closed subvariety such that the restriction of wx (or wy)
to the image of px : Supp(P) — X is ample, then py : Z — Y is a finite morphism.

Proof. If py : Z — Y were not finite, there would exists a non-trivial irreducible curve
¢ C — Zwithpy op: C — Y is constant. Then ¢*pj wy is a trivial line bundle on
C, and so

(9.7.22) deg(p*pxwx) = deg(p pywy) = 0

by Lemma 9.7.16. Since py o ¢ is constant, py o ¢ : C — X must be non-constant.
Since wy (or wy) is ample on px(Z) and hence on px(¢(C)), we get a contradiction
with (9.7.22). Hence the result follows. OJ

Lemma 9.7.23. Let Z be a normal k-variety and E € Coh(Z) which is generically of rank
r. If Ly, Ly € Pic(X) suchthat E ®@ Ly = E ® Lo, then L} = L.
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Proof. Taking quotient of E by its torsion part, we may assume that E is torsion free
of rank r on X. Since Z is normal, there is an open subscheme U of Z with codimy(Z\
U) > 2 such that E|,, is locally free. Since det ((E ® L;)|,) = (det(E) ® L7)|,, we
have L}| = Li| . Since Z is normal, we have L} = L. O

v = Ll
Lemma 9.7.24. With the above notations, let Z C Supp(P) be a closed irreducible subvari-

ety with normalization 1 : Z — Z. Then there is an integer r > 0 such that
(9.7.25) 1 (pxwi)|,) = ((pywi)] )

Proof. Let ju : Z —» Z be the normalization of a closed irreducible subvariety Z C
Supp(P). Then there is an integer i such that Z C Supp(#'(P)). Then p*(H(P)) is a
coherent sheaf on Z generically of positive rank, say r > 0. Since Px7Y  DY(X) —
Db(Y) is an equivalence of categories, using Orlov’s representability theorem, we
have

(9.7.26) H'(P) @ pywx = H(P) @ pywy .
Pulling back the above isomorphism by ;1 over the normal variety 7, the result fol-
lows form Lemma 9.7.23. O

Lemma 9.7.27. Let « : T — X be a closed embedding. Then for any E* € D°(X) we have
(9.7.28) Supp(E°®) NT = Supp(L*E*®).

Lemma 9.7.29. If XY : D*(X) — D(Y) is a Fourier-Mukai equivalence, the fibers of
the projection morphism px : Supp(P) — X are connected.

Proof. Suppose on the contrary that the fiber over a point x € X is disconnected.
Then we can write Supp(P) N py' (r) = Supp(P) N ({z} x V) = Y; U Y5, for some non-
empty distinct closed subsets Y;,Y, C Y. Then by above Lemma 9.7.27, we have
Supp(P)N ({z} x Y) = Supp(P}{x}Xy). Thus &2 ~Y (k(x)) has disconnected support
Y7 UY,, and hence we con write it as 3 7Y (k(z)) & E} & F3, with Supp(E?) =Y, for
i = 1,2. Then End(E} @ FE3) is not a field. But ®X 7Y being an exact equivalence, we
have End(E} & E3) = Hom (3 Y (k(z)), 37 (k(z))) = Hom(k(z), k(z)) = k(z),
which is a contradiction. O]

Corollary 9.7.30. Let &5~ : D*(X) — DY) is a Fourier-Mukai equivalence. Let
Z C Supp(P) be an irreducible component (with reduced structure) which surjects onto X.
If dim(Z) = dim(X), then the restriction morphism px : Z — X is birational. Moreover,
if such a component exists, no other component of Supp(P) dominates X.

Proof. By Lemma 9.7.29, the fibers of px : Supp(P) — X are connected. Let Z C
Supp(P) be an irreducible component with dim(Z) = dim(X) and px : Z — X
surjective. Note that, the fibers of Z — X are zero dimensional. If Z # Supp(P),
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consider the union U Z; of all irreducible components Z; of Supp(P) with Z; # Z. If
the generic fiber of the projection map px : |J Z; — X is non-empty, it contains the
(zero dimensional) fiber of Z — X, and then lZ C U Z; —which is absurd. Therefore,
Z is the only irreducible component of Supp(P) thzat dominates X.

To show the restriction morphism px : Z — X birational, choosing a generic point
¢ € X, we see that the generic fiber py' (§) N Z = Z N ({¢} x V) is a finite set (since
dim(Z) = dim(X)) disjoint from other irreducible components of Supp(P). Since
the fiber of the projection map px : Supp(P) — X is connected, we conclude that
px'(€) N Z is singleton. Therefore, Z — X is birational. O

Corollary 9.7.31. Let ®X7Y : DY X) — DPY) be a Fourier-Mukai equivalence. Let
xo € X be a closed point such that

(9.7.32) 37 (k(xo)) = k(yo),

for some closed point y, € Y. Then there is an open neighbourhood U C X of x¢ and a
morphism f : U — Y with f(x) = yo such that

(9.7.33) O3 (k(2)) = k(f(x)),

for all closed point € U.

Proof. Since @3 (k(x0)) = k(yo), the fiber py'(z9) N Supp(P) over z, of the projec-
tion morphism py : Supp(P) — X is zero dimensional. By semicontinuity, there is
an open neighbourhood U C X of z, such that py' (z) NSupp(P) is zero dimensional,
for all z € U. Then for each z € U, the complex &3 (k(x)) is concentrated in
dimension 0. Then

Hom (@3 (k(z)), @5 " (k(z))[i]) =0, Vi<O0.

Then by Lemma 8.3.14, for each = € U there is a closed point y, € Y and an integer
m, such that ®X Y (k(z)) = k(y.)[m.]. Using semicontinuity, one can check that
m, = m are locally constant, around zy € U. Thus shrinking U further, if required,
we may assume that m, = 1, for all z € U (because of given condition (9.7.32)).

Using Lemma 9.1.32 as argued in Proposition 9.1.34, one concludes that P| 1 is
a coherent sheaf, and can choose local sections to construct a morphism of k-schemes
f: U — Y such that ®%7Y ~ (L ® —) o f,, for some line bundle L on Y. This
completes the proof. O

Then next result, due to Kawamata, shows nefness of the (anti)-canonical line bun-
dle under exact equivalence of derived categories.
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Proposition 9.7.34 (Kawamata). Let X and Y be smooth projective k-varieties with an
exact equivalence of their derived categories F : D*(X) — DP(Y'). Then wx (resp., w¥) is
nef if and only if wy (resp., wy) is nef.

Proof. By Orlov’s representability theorem (Theorem 9.1.28), there is an object P €
DP(X x Y), unique up to isomorphism, such that ' = ®£~Y. Then the projection
morphisms px : Supp(P) — X and py : Supp(P) — Y are surjective by Lemma
9.7.9. Then by Lemma 9.7.15, a line bundle L € Pic(X) (resp., L' € Pic(Y")) is nef
if and only if (piL)| supp(p) (€SP, (PYL/ )| supp(p)) 15 @ mef line bundle on Supp(P).
Since for any complete reduced curve C' and any morphism of k-schemes ¢ : C' —
Supp(P) C X x Y, we have deg(p*piwx) = deg(¢*pywy) and deg(p*piwy) =
deg(¢*pywy ) by Lemma 9.7.16 (see also Remark 9.7.19), the proposition follows from
Definition 9.7.13. O

Corollary 9.7.35. Let X and Y be smooth projective k-varieties with an exact equivalence of
their derived categories F' : D*(X) — DP(Y)). Then wy is numerically trivial if and only
if wy is numerically trivial.

Proof. Since a line bundle L is numerically trivial if and only if both L and L" are nef,
the result follows from the above Proposition 9.7.34. O

Let Z be a proper k-scheme of dimension d. For a line bundle L on Z, the function

(9.7.36) PL:Z—Q, m—x(Z, L") => (~1)'oi—
=0

is a numerical polynomial of degree < d, known as the the Snapper polynomial of L.

The degree d term of the polynomial P;,(m) can be computed as

1 mad mé
a ch(L ) ﬂ[Z]ZW ;

and the coefficient of ”;—;i is the intersection number ([L)* - Z) = [, c1(L)* N [Z]; see

[Ful98, Exercise 18.3.6, p. 361].

(9.7.37) a(L)n(Z],

Definition 9.7.38. Let L be a line bundle on a projective k-scheme X. The numerical
Kodaira dimension of L is the integer (could be —o0)
v(X, L) :=max{d € Z : there is a proper morphism of k-schemes
¢ : Z — X with dim(Z) = d such that ([¢*L]? - Z) # 0}.
(If the above set is empty, we set v(X, L) = —o0). The number v(X) = v(X,wy) is

known as the numerical Kodaira dimension of X. Thus, v(X, L) € {0,1,...,dim(X)} U
{—o0}. If v(X) = dim(X), we say that X is of maximal numerical Kodaira dimension.
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Remark 9.7.39. (i) It follows from the definition that v(X, L) = v(X, L"), for any
integer n # 0.
(ii) Itsuffices to check the conditions in the above definition with closed subschemes
Z C X.
(iii) In general, there is no relation between (X, L) and kod(X, L). However, if L is
a nef line bundle on X, then one can show that kod(X, L) < v(X, L).

Lemma 9.7.40. Let p : X — Y be a projective morphism of projective k-schemes and let
L € Pic(Y). Then v(X,p*L) < v(Y, L), and equality holds if p : X — Y is surjective.

Sketch of a proof. The inequality v(X,p*L) < v(Y, L) follows from the definition by
taking any ¢ : Z — X and pulling back L by the composite morphism pop: Z =Y.

Suppose that p : X — Y is surjective. To show the equality of numerical Kodaira
dimensions, given a proper morphism of k-schemes ¢ : Z — Y, one constructs a
generically finite surjective morphism of k-schemes ¢ : Z — Z and a morphism of
k-schemes @ : Z — X such that the following diagram commutes.

Z---"_.X
|
Iw p
\
A i Y

Roughly, this could be done by embedding the fiber product Z xy X into some Z x P
and taking appropriate intersection with some cycle, and choosing its section. Since
for any line bundle L on Y we have

([e*p*L]™ - Z) = deg(y) - ([¢"L]™ - Z),
we conclude that v(X, p*L) < v(Y, L). O

Proposition 9.7.41 (Kawamata). Let X and Y be smooth projective k-varieties with an
exact equivalence of derived categories I : D*(X) — D*(Y'). Then we have v(X) = v(Y).

Proof. As before, F = &Y, for some P € D’(X x Y), unique up to isomorphism.
By Lemma 9.7.9, there is an integer i and an irreducible component Z of Supp(H‘(P))
which surjects onto X. Let i : Z — Z be the normalization of Z. Then by Lemma
9.7.24, there is an integer r > 0 such that y* ((pxwY)| ;) = w* ((pjw} )| ;). Since popy :
7 — X is surjective, by Lemma 9.7.40 we have

(9.7.42) IJ(Z, 1t ((pxwi) |Z)) =v(X,wYy).
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Since v(L) = v(L"), for any line bundle L and integer r # 0, we have
V(X wx) = v(X,wy) = v (Z,pt (5w ))
= v (Z. Byt )
<v(Y,wy) = v(Y,wy).
Due to symmetry of the situation, we have v(Y,wy ) < v(X,wx), and hence v(Y, wy)

v(X,wy). O

For X a smooth projective k-variety, give a £* € D’(X), there is a bounded com-
plex of locally free coherent sheaves V' € D°(X) such that £* = V* in D°(X). Then
we define the determinant bundle of E* to be the line bundle

(9.7.43) det(E®) == (X) det (V)1

A direct computation shows that, for any line bundle L on X, we have
(9.7.44) det(E* ® L) = det(E*) @ L™,
where tk(E®) := Y (—1)'rk(E").

Proposition 9.7.45. Let P € D*(X x Y) and ®37Y : D*(X) — D®(Y') a Fourier-Mukai
equivalence. If Supp(P) = X x Y, then both wx and wy are of finite orders.

Proof. Since ®7~Y is an exact equivalence, its left adjoint and right adjoint func-
tors are isomorphic by Orlov’s representability theorem. In other words, we have

2 v xS @%75;;W my where n = dim(X) = dim(Y). Applying this to the
skyscraper sheaf k(y) € D°(Y) supported at a closed point ¢, : {y} = Y, we have
(9.7.46) PV @ uwx =P,

since dim(X) = dim(Y). Taking determinant both sides, we have w;{(w) Ox,

where P/ = .P¥ € D’(X). In fact, the functoriality of Chern classes gives rk(P)/) =
rk(PY) =r (> 0), say, for all closed point y € Y. Therefore, w% = Ox. Similarly, we
have wy, = Oy. O

I

Proposition 9.7.47. Let X and Y be projective varieties defined over an algebraically closed
field k. Suppose there is an exact equivalence of categories ® : D*(X) — D*(Y). If X is
smooth then Y is smooth.

Proof. Let ¥ : D*(Y) — DP(X) be an exact quasi-inverse of ®. Then for any closed
pointy € Y and £ € €oh(Y), we have

(9.7.48) Ext'(Oy,, &) = Ext' (¥(Oy,), ¥(£)).
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Since X is smooth, and ¥(Oy,,) and ¥(€) are bounded, Ext'(Oy,,, £) # 0, for finitely
many ¢ € Z. Therefore, Oy, has finite homological dimension, and hence by a theo-
rem of Serre, Oy, is a noetherian regular local k-algebra; see [Mat89, Theorem 19.2,
p. 156] or [Sin11, Theorem 20.3.1, p. 252]. Since the set of all closed points of Y is
dense in Y, we conclude that Y is a regular k-scheme, and hence is a smooth k-
scheme, since k is algebraically closed; see [Har77, Example 10.0.3, p. 268]. O

Definition 9.7.49. (i) Let X and Y be two k-schemes with finitely many irreducible
components. A morphism of k-schemes f : X — Y is said to be birational if f
induces a bijection between the set of irreducible components of X with that of
Y, and for a generic point » € X of an irreducible component of X, the induced
homomorphism of local rings Oy s,y — Ox, is an isomorphism. Moreover, if

e f: X — Y islocally of finite type and Y is reduced, or

e f islocally of finite presentation,
then there are open dense subsets U C X and V' C Y with f(U) C V and
/ ‘U : U — V is an isomorphism.

A birational correspondence between X and Y is given by a k-scheme Z to-
gether with birational morphisms of k-schemes 7y : Z — X and 7y : Z — Y.
In particular, X and Y are birationally equivalent.

(ii) Two smooth projective k-varieties X and Y are said to be K-equivalent if there

is a smooth projective k-scheme Z and birational morphisms 7x : Z — X and
my : Z — Y such that 75wy is linearly equivalent to 7y wy (i.e., Txwx = T5wy).

Remark 9.7.50. In some places people define X and Y to be K-equivalent if
there are birational projective morphisms 7y : Z — X and 7y : Z — Y of
k-schemes with Z normal such that 7% Kx and 7§ Ky are Q-linearly equivalent
(i.e., Tywy = mywy for some integer r # 0); [BBHR09, Definition 2.74, p. 68].

(iii) Two smooth projective k-varieties are said to be D-equivalent if there is an exact
equivalence of categories F': D*(X) — Db(Y).
We have seen from Proposition 9.5.3 and Proposition 9.7.41 that D-equivalent

smooth projective k-varieties X and Y have the same

(i) (anti-canonical) Kodaira dimension:
kod(X) = kod(Y) and kod(X,wy) = kod(Y, wy"),
(ii) numerical Kodaira dimension: v(X) = v(Y).

Question 9.7.51. Are two D-equivalent smooth projective k-varieties necessarily be
K-equivalent?

The answer is no!



A. Paul Page 117 of 126

Example 9.7.52. Take X = A to be an abelian variety and Y = A" the dual abelian va-
riety of A. In this situation, both w4 and wyv are trivial and that A 2 AY. Moreover, A
and A" being non-isomorphic abelian varieties, they are not birationally equivalent,
and hence are not K-equivalent. However, there is an exact equivalence of categories
dp : D(A) — DP(A) given by the Fourier-Mukai functor with Kernel the Poincaré
bundle P on A x AV (see Theorem 9.8.11).

However, the next Proposition 9.7.55 due to Kawamata, shows that the above
question 9.7.51 has an affirmative answer when the varieties have maximal (anti-
canonical) Kodaira dimension.

Lemma 9.7.53 (Kodaira). Let X be a smooth projective k-variety. If kod(X) = dim(X)
(resp., kod(X,wY) = dim(X)), then there is a smooth ample hypersurface H in X and an
integer {y such that for any integer { > {, there is an effective divisor Dy in X such that
W = Ox(H + Dy) (resp., wy' = Ox(H + Dy)).

Proof. We only work with the case kod(X) = dim(X); the case kod(X,wy) = dim(X)
is similar. Let H C X be a smooth ample hypersurface (this exists by Bertini’s theo-
rem). The exact sequence

0— Ox(—H) — Ox — 1,05 — 0
induces an exact sequence of k-vector spaces
0 — HY(X,wi(—H)) — H°(X,wk) — H°(H,w%|,), VI€Z.

Recall that the Kodaira dimension of L € Pic(X) is an integer m such that the func-
tion ¢ — dim H°(X, L*) grows like a polynomial of degree m. Since kod(X) :=
kod(X,wy) = dim(X) by assumption, the function h°(w% ) grows like (4™(X). Since
dim(H) < dim(X), the function h°(w|,,) has smaller growth than that of h®(wY).
Therefore, for ¢ > 0 large enough, w%(—H) has a non-zero global section. Then
there is an effective divisor D C X such that w% (—H) = Ox (D), and hence

(9.7.54) wh =2 Ox(H + D),
with H a smooth ample hypersurface and D an effective divisor in X. O

Proposition 9.7.55 (Kawamata). Let k be an algebraically closed field. Let X and Y be
smooth projective k-varieties. If there is an exact equivalence I : D*(X) — DY) and
if kod(X) = dim(X) or kod(X,wy) = dim(X), then X and Y are K-equivalent. More
precisely, there are projective birational morphisms

Z
TI':/ Y
X Y
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with Z normal and miw = mywy for some integer r > 0. If char(k) = 0, we can get Z
smooth such that Tiwx = Ty wy.

Proof. We only work with the case kod(X) = dim(X); the case kod(X,w¥) = dim(X)
is similar. By Kodaira lemma 9.7.53, there is a smooth ample hypersurface H C X
and an integer ¢ > 0 and an effective divisor D C X such that

(9.7.56) wh =2 Ox(H + D).

As discussed before, by Lemma 9.7.9 there is an integer ¢ and an irreducible compo-
nent Z C Supp(H'(P)) that surjects onto X. Let 4 : Z — Z be the normalization.
Then by Lemma 9.7.24, there is an integer » > 0 such that

(9.7.57) TxWy = Tywy ,
where 7y ::pX’Zo,u:Z—LXandﬂy ::py|Zo,u:Z—>Y.

We claim that, the morphism 7y restricted to 7 \ 7' (D) is quasi-finite, i.e.,
(9.7.58) Typ =y | gy 2\ T (D) — Y

is quasi-finite (i.e., fibers are finite sets of points). If not, then there is a point y €
Y and an irreducible curve C C Z contained in the fiber 7' (y) and not entirely
contained in 73! (D). Since 7y (C) = {y}, we have

(9.7.59) deg (Tywy|.) =0.

On the other hand, since the intersection 7x(C') N D is at most a finite set of points,
using (9.7.56) we have

(9.7.60) (- deg (yr’)“(wX‘C) = deg (ﬂ}‘}wﬁ(‘c) > deg (W}OX(H)}C) >0,

where the last inequality holds because H is ample. Then combining (9.7.60), (9.7.59)
and (9.7.57), we get a contradiction. This proves our claim (7y is quasi-finite outside
Ty (D)).

Then the projection morphism py : Z — Y is generically finite, and hence
dim(Z) < dim(Y’). On the other hand, since px : Z — X is surjective, dim(X) <
dim(Z). Since D*(X) ~ D’(Y), dim(X) = dim(Y), and hence dim(Z) = dim(X).
Therefore, the correspondence morphisms 7y : 7 — X and Ty 7 — Y are
generically finite and generically surjective. Then Corollary 9.7.30 ensures that, in

fact, we have constructed a birational correspondence

Z
(9.7.61) mx Ty
X / \ Y.
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Now in characteristic 0, it remains to show that, we can replace 7 with a smooth
projective k-scheme such that 7wy = 7wy . Let’s give a sketch how to achieve this.
We already have an isomorphism 7wy = 7wy, for some integer r > 0 (see (9.7.57)).
Since Z is normal, its singular locus has codimension at least 2. Replacing 7 with a
desingularization p : Z — Z (here we are using that char(k) = 0), if required, from
the above birational correspondence in (9.7.61), we have

(9.7.62) Py ® 07( D a,E) = prywy @ 05( Y biE)

where E; are exceptional divisors with respect to mx op : 7 — X and Ty op : 7 = Y,
and a;,b; € Z, for all ¢ (see Lemma 9.7.64 below). Taking r-th tensor power in (9.7.61)
and using the isomorphism p*75w’ = p*nywi,, we have

(9.7.63) 0z(Y r(a;—b)E;) = 0.

Therefore, it suffices to show that if ) «; F; is linearly equivalent to the zero divisor
in 2, then a; = 0, for all i. In our setup, a; = r(a; — b;), and their vanishing would
give a; = b;, for all i, and hence p*riwy = p*15wy by (9.7.62), completing the proof.

Note that, outside the union of pairwise intersections of distinct exceptional di-
visors, they can be contracted at once. For the sake of simplicity, we assume that
there is a single contraction 7 —+ X which contracts all E;’s together. Suppose that,
> o, E; is linearly equivalent to the zero divisor; ie., O; (> o E;) = O5. Assume that

A 1
a; < 0fori < manda; > 0foralli > m. We may assurne that m > 0, otherwise

change the signs by dualizing. Let s € H°(Z,0,( — Z o;E;)) be the section van-

ishing to order —q; along the divisors E;, for alli = 1,...,m. Then for a trivializing
section t of Oz (Y a;E;), the product s ® ¢ is a section of (’)2( > o;E;) vanishing
7 i>m+1

along E; forall ¢ <m.

Now by contracting the exceptional divisors E;, for i > m + 1, we see that any

two sections of 02( > aZEZ-) give rise to two functions on the complement of a
i>m+1
closed subset of X of codimension > 2, which by Hartong’s theorem, differs by a

scalar multiplication. Therefore, O5( Y. ;E;) admits only one global section, up
i>m+1
to scalar multiplication, namely the one which vanishes only along E; of order «;,

for all 7« > m + 1. Since the section st, as constructed above, is different from this
section, we get a contradiction. Similarly, for positive «;’s, taking dual, we can make
them negative, and similarly get a contradiction. This shows that all a;’s are zero,
and completes the proof. O
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Lemma 9.7.64. If we have a morphism of smooth projective k-varieties f : X — Y of the
same dimension, which is birational, then wx = f*wy @ Ox(D), for some effective divisor
Don X.

Proof. Since f is unramified over an open (and hence dense) subset of Y, there is a
short exact sequence

07X % 1V = Ny > 0,
where Ny is the normal sheaf supported on the ramification divisor of f. Dualizing
it, we get
0— f*Qy — Q% — &t (N;, Ox) — 0,
where &xt'(N;, Ox) is again supported on the ramification divisor of f. Taking the
n-th exterior power, where n = dim(X) = dim(Y"), we get the required identity. [

Remark 9.7.65. (1) Proposition 9.7.55 says that if X and Y are D-equivalent smooth
projective varieties defined over an algebraically closed field of characteristic zero with
maximal Kodaira dimension or maximal anti-canonical Kodaira dimension (i.e., ei-
ther kod(X) = dim(X) or kod(X,wY) = dim(X)), (these happens for example
when wyx or wy is ample), then X and Y are K-equivalent.

(2) However as discussed in Example 9.7.52, if we remove the condition of “max-
imal Kodaira dimension” or “maximal anti-canonical Kodaira dimension”,
then the Proposition 9.7.55 fails.

(3) Even if X and Y are birational D-equivalent smooth projective k-varieties,
they may not be K-equivalent (see [Ueh(4]).

Conjecture 9.7.66. Let X and Y be two smooth projective k-varieties. If X and Y are K-
equivalent, then they are D-equivalent (i.e., there is an exact equivalence D*(X) = D'(Y)).

For birationally equivalent smooth projective varieties defined over an algebraically
closed field of characteristic 0 and with maximal Kodaira dimension (or maximal
anti-canonical Kodaira dimension), one may expect

D-equivalent <= K-equivalent.

As a corollary to Kawamata’s result (Proposition 9.7.55), we get an alternative
proof of Bondal-Orlov’s reconstruction theorem.

Corollary 9.7.67. Let k be an algebraically closed field. Let X and Y be smooth projective
k-varieties. Let ' : D*(X) — D°(Y') be an exact equivalence of categories. If wx is ample
or anti-ample, then X and Y are isomorphic as k-schemes.

Proof. Suppose that wx is ample. Then kod(X,wy) = dim(X). By Orlov’s repre-
sentability theorem (Theorem 9.1.28), FF = ®X~Y, for some P € D’(X x Y') unique
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up to isomorphism. Let Z C Supp(P) be the unique irreducible component which
dominates Y (see Corollary 9.7.30). Let 7 — 7 be the normalization, which is a finite
morphism. From the proof of Proposition 9.7.55, we have birational morphisms 7y
and 7y (see the diagram below)

x X
>
(9.7.68) 7 Lozt g L XxY
N
Yy Y

[

such that 5w’ = mtw!, for some r > 0, over Z. If C C Z is an integral smooth
curve over k such that my(C) is a point in Y, then (75w’ )| o = (mywy) | o = Oc. But
mx|. : C = X being non-constant, (7w )|, is ample — a contradiction. Therefore,
Ty : Z — Y is a quasi-finite birational morphism with connected fibers and hence
is an isomorphism. Then we have a birational morphism of smooth projective k-

varieties f : Y =2 7 — X with f*w% = wj. We show that f is an isomorphism.

Consider the exact sequence
(9.7.69) £ L Qy — Qypx — 0.

Note that df is injective because it is injective at generic point and f*Q2x is locally free.
Then €y, x is torsion free coherent sheaf supported on a closed subscheme Y ; Y,
which is the zero locus of the homomorphism det(df) : det(f*Q2x) — det(€2y). Then
det(df)" is a global section of (wy ® f*w¥)" = Oy vanishing on Y’ & Y. Therefore,
Y" = 0, and hence Qy,x = 0. Therefore, f is smooth of relative dimension 0, and
hence is an isomorphism (being birational).

When wY, is ample, kod(X,wY) = dim(X), and the same proof works. O

9.8. Fourier-Mukai functor for abelian varieties. Let k£ be an algebraically closed
field of characteristic zero. In this subsection we prove the following.

Theorem 9.8.1. Let A be an abelian variety over k. Then there is an exact equivalence of
categories ®p : DY(A) — DP(AY) given by the Fourier-Mukai functor with Kernel the
Poincaré bundle P on A x AY.

To prove this, we use the following result due to Bondal and Orlov to check fully
faithfulness of an integral functor. Let X and Y be smooth projective k-varieties. Fix
an object P € D°(X x Y), and consider the integral functor (with kernel P)

(9.8.2) O3V DY(X) — DU(Y).
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Then we have the following.

Theorem 9.8.3 (Bondal-Orlov). The integral functor ®p : D*(X) — D*(Y'), with kernel
P € DX xY), is fully faithful if and only if for any closed points x1,zo € X and any
integer i, we have
k, if x1 =29 and 1 =0,
Hom(®p(k(x1)), Pp(k(z2))[i]) =< 0, if 21 =29 and i ¢ {0,1,...,dim,(X)},
0, ifxy#axyand i€Z.

Proposition 9.8.4. With the above notations, a fully faithful integral functor
dp: D'(X) — DY),
with kernel P, is an equivalence of categories if and only if

dim(X) =dim(Y) and PR piwx =P ® pywy.

Next we need the following result from abelian variety. Let A be an abelian variety
over k. It is easy to see that A is a commutative group variety over k. For a € A, let

t, : A — Abe the translation by ¢ morphism b -5 ab, for all b € A. Let
(9.8.5) Pic’(A) = {L € Pic(A) : :L =L, Yac A}

be the group of all isomorphism classes of translation invariant line bundles on A.
It is a well-known fact that L € Pic’(A) if and only if m*L = p*L ® ¢*L, where
m : Ax A — Ais the multiplication morphism and p,q : A x A — A are the
projection morphisms onto the first and second factors, respectively. One can check
that, for L € Pic’(A), we have (*L = L~!, where 1 : A — A is the inversion map
a—at.

Lemma 9.8.6. If L € Pic’(A) with L % O, then H'(A, L) = 0, for all i.

Proof. First note that H°(A,L) = 0. If not, then a non-zero section s € H°(A, L)
produces a non-zero section ¢*s of *L = LY, where ¢ : A — A is the inversion map,
and then L being non-trivial by assumption, both s and ¢*s vanishes along a non-
trivial effective divisor and so does their tensor product s ® 1*s € H(A, L ® L") =
HY(A, 04), which is a contradiction.

Let ¢ = min{i : H'(A, L) # 0}. Since L € Pic’(A), we have m*L = p*L ® ¢*L. Now
by Kiinneth formula, we have
(9.8.7) H'(Ax A,m’L) = @5 H'(A, L) ® H (A, L).

it+j=t

Since the composite morphism

AN 4a 4
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is the identity map on A, the pullback map
(9.8.8) HY(A,L) — HY(Ax A,m*L)

is injective. But by assumption on /, all the terms on the right hand side of the
Kiinneth decomposition are zero, and hence H(Ax A, m* L) is zero, while H*(A, L) #
0 by assumption. This contradicts injectivity of (9.8.8). Thus H'(A, L) = 0, V i. O

Let A be an abelian variety over k. The points of its dual variety A" should param-
etrize points of Pic’(A); this is defined as follow. Let A" be an algebraic variety over
k and let P be an invertible sheaf on A x A" such that

(i) P|Ax{b} € Pic’(4,;), where A, := A x {b},forallb € A, and
(ii) 7)|{0}><AV = Oyv.

The k-variety A" is called dual abelian variety of A and P the Poincaré sheaf on A x AY
if the pair (A", P) satisfies the following universal properties: given any k-variety T
and an invertible sheaf £ on A x T satisfying

@ £|Ax{t} € Pic’(4,), where A, := A x {t}, forallt € T, and
(II) £|{0}><T = OT/

there is a unique morphism of k-varieties o : 7' — A such that (Id4 xa)*P = L on
A x T. The variety A" is also known as the Picard variety of A.

Remark 9.8.9. (i) It follows from the above universal property (see (I) and (II)) that
the pair (A", P), if it exists, is unique up to unique isomorphism.

(ii) If (AY,P) is the Picard variety over £ with Poincaré sheaf P on A x AV, then for
any field extension K /k of the base field k, the pair (A" Xspec(x) Spec(K), P @y, K)
is the Picard variety of Ax := A Xgpec() Spec(K).

(iii) For any k-variety 7', we have
Hom(T, AY) = {invertible sheaves £ on A x T satisfying (I) and (I)}/ ~,
where two such invertible sheaves £ and £ on A x T are declared to be equiv-
alent if there is an invertible sheaf L on T such that £’ ® £~! = 7}.L, where
7+ A x T — T is the projection morphism onto the second factor. In particu-

lar, every element of Pic’( A) appears exactly once in the family {P, : b € AY(k)}.
(iv) One can show that, there is a canonical isomorphism of k-vector spaces

H'(A,04) = THAY;
in particular, dim(A) = dim(AY).

A divisorial correspondence between two abelian varieties A and B is given by an
invertible sheaf £ on A x B such that ﬁ‘{o}xB ~ Op and L‘AX{O} =~ 4. If we denote
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by s: A x B — B x A the switch map given by (a,b) € A x B+ (b,a) € B x A, then
pullback s*L of a divisorial correspondence L is again a divisorial correspondence.
Then we have the following (see Mumford’s abelian variety book).

Theorem 9.8.10. If L is a divisorial correspondence between A and B, then the following
are equivalent:

(i) (B, L) is the dual of A,

(ii) £|Ax{b} =0y = b=0,
(iii) £|{a}><B =0 = a=0,
(iv) (A, s*L) is the dual of B.

As a corollary, we get an isomorphism A = AVY.

Theorem 9.8.11. Let A be an abelian variety over k, and AV be its dual abelian variety. Let
P € Vect(A x AV) be the Poincaré bundle on A x AY. Then the integral functor
(9.8.12) dp : DP(AY) — DP(A)

with kernel P is an equivalence of categories.

Proof. Let o, f € AY be closed points. Then by property of the Poincaré bundle P,
we see that

(9.8.13) Op(k(a)) =P, and Pp(k(B)) = Ps

are the line bundles on A defined by a and §3, respectively. Then Ext'(P,,Ps) =
Hi(A,PY ® Ps). Therefore, Ext'(P,,Ps) = 0 foralli ¢ {0,1,...,dim(A)}. Moreover,
for i = 0 and a = 3, we have Ext’(P,,P,) = End(P,) = k, since line bundles are
stable and hence simple. Therefore, it is enough to show that Ext'(P,,Ps) = 0 for
a # B and all 7. But in this case, P, and Pg being non-isomorphic line bundles in
Pic’(A), by Lemma 9.8.6 we have H'(A,PY @ Ps) = 0. Hence the theorem follows
from Theorem 9.8.3 and Proposition 9.8.4. O

Remark 9.8.14. In fact, with little more effort, one can show that the composite mor-
phism
(9.8.15) DY(AY) 22 Db(A) 22 Db(AY)

is isomorphic to ¢V o [d], where (¥ : AY — A is the inversion morphism of the dual
abelian variety A", and d = dim(A).
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